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In order to improve the calculation accuracy of the sine cosine algorithm (SCA), Riesz fractional
derivative sine cosine algorithm (RFSCA) based on the Riesz fractional derivative mutation strategy
is proposed. The new algorithm uses quasi-opposition learning to initialize the population, which
can increase the diversity of the population. Based on the approximate formula of Riesz fractional
derivative with second-order accuracy, we construct a new mutation approach to update the optimal
individual and improve the calculation accuracy of the algorithm. Furthermore, the proposed method
is integrated into quasi-opposition learning and opposition-based learning strategies to enhance the
ability of global exploration of the population and improve the convergence speed of the algorithm.
The new algorithm is tested in two sets of test sets (classical benchmark of 23 problems and standard
IEEE CEC 2017). The simulation experiments demonstrate that the proposed algorithm significantly
outperforms the latest heuristic-based algorithms in both exploration, exploitation and solution quality.
Two engineering questions (Welded beam design, pressure vessel design) are applied to confirm the
superior performance of proposed algorithm.
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1. Introduction diversity and global exploration ability, but the exploitation capa-
bility still needs to be strengthened. Nenavath et al. [3] use differ-
ential evolution strategy to improve SCA to solve target tracking
problem. Rizk-Allah [4] adopts multi-orthogonal search strategy
to improve SCA and enhances the accuracy of SCA, the MOSCA
efficiently enrich the exploratory capabilities of the search by
introducing the MOSS.

Mutation Operators are commonly used to improve popula-
tion diversity and enhance the algorithm’s ability to jump out
of local optima, which is first used in genetic algorithm and
differential evolution algorithm. Later, many scholars incorpo-

The Sine Cosine Algorithm (SCA) [1] was proposed by Mirjalili
in 2016. This kind of algorithm uses the properties of the sine
and cosine function in guiding the population to search for the
global optimal solution from the global optimal individuals. The
properties that the algorithm only use few parameters and quick
convergence speed make this method become widely used. In this
algorithm, the random and adaptive parameters balance the ex-
ploitation and exploration capabilities of the algorithm. However,

it also fails in computational accuracy and it may have prema-
ture convergence. A new approach based on Opposition-Based
learning Sine Cosine Algorithm (OBSCA) [2] has been recently
proposed. The algorithm uses the opposition-based learning strat-
egy in both the initialization of the algorithm and the entire
population update process, which enhances the SCA population
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rated mutation ideas into other swarm intelligence algorithms
in order to improve the calculation accuracy of the algorithm.
The common mutation strategies which based on the probabil-
ity distribution are Gaussian mutation (GM) [5], Cauchy muta-
tion (CM) [6,7], or the combination of the GM and CM, and the
Wavelet mutation (WM) based on wavelet theory [8], etc. These
mutation strategies are intend to add random disturbances near
individuals to search a better solution. Derivative is a mathe-
matical tool to study the rate of change. However, these ideas
are hard to apply in engineering optimization problems because
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of their strong requirement on the whole property of functions
rather than the estimation of function value obtained from nu-
merical approximate calculation method. Therefore, the method
of approximate solution to calculate the estimated derivative is
often used in the design of optimization algorithm. The Fractional
Derivative [9,10] (FD) is a generalization of the integer deriva-
tive, which is essentially the calculus of any order derivative
and is an important branch of mathematics developed from n-
times-derivatives and n-times-integrals. The evolution direction
produced by the fractional derivative is more ergodic than the
evolution direction produced by the integer derivative. This paper
introduces the idea of fractional derivative for the first time
in the swarm intelligent algorithm, and employ the fractional
derivative to generate a more reasonable optimization evolution
direction. This kind of method enhances the local exploitation
ability of the algorithm and improves the performance of the
algorithm. Fractional derivative can simulate many phenomena
of biological evolution. Riesz Fractional Derivatives is the ideal
calculation method for Fractional Partial Differential Equations
on finite fields, it has a certain memory preservation, and it
can effectively transfer information (Elite individual) in evolution.
Riesz Fractional Derivatives retains the good information of the
population and enhanced exploitation capability. Furthermore,
the quasi-opposition learning strategy has better exploration ca-
pability than the opposition-based learning strategy. The two
strategies are carried out by means of probability selection and
retain their respective advantages. In this paper, we employ Riesz
Fractional Derivatives [ 11] with second order accuracy and learn-
ing strategies to improve sine cosine algorithm. Then we propose
a Riesz fractional derivative elite-guided sine cosine algorithm
(RFSCA).

The rest paper is organized as follows. Section 2 presents the
original sine cosine algorithm. In Section 3 gives the motives and
innovations of this paper and describes RFSCA with two effective
techniques. In Section 4, a comprehensive experimental study is
carried out with two test sets. Furthermore, the control parameter
« and p of RFSCA is discussed in this section. Also, two application
examples on welded beam design and pressure vessel design
problem are given in this section. Finally, some conclusions are
drawn in Section 5. The experimental results of two test sets
and the calculation results of two classical engineering problems
verify the effectiveness of RFSCA.

2. Sine cosine algorithm

For n-dimensional optimization problem

minf (X1, X2, ..., Xp)
st.i<xi<u,i=1,2,...,n

(1)

where ¥x; is the ith decision variable and u;, I; are the upper and
lower bounds of x;. For the problem (1), the sine cosine algorithm
utilizes the oscillating property of the sine and cosine functions to
modify the ability of the individual to learn from the global opti-
mal solution. The specific process is as follows: assuming that the
population size is N and the position of the ith individual in the
tth generation is x{ = (xf, x5, ..., x}),i=1,2,...,N, we can
calculate the fitness value f (xf) for each individual and record
the position x!, (x!, = argminf (x!)) of the optimal individual. The

jth dimension of the ith individual in the population is updated
according to Eq. (2):

1 | X T sin(ry) - |rs -xij—xfj‘ rs < 0.5

Xjj (2)
xfj + 11 -cos (1) - |r3 ~xij —xfj| r4 > 0.5

Algorithm 1:Sine Cosine Algorithm
Initialize a set of search agents (solutions)( x)
Do
Evaluate each of the search agents by the objective function

Update the best solution obtained so far ( x.)
Update r;,r,,7;,and 7,

Update the position of search agents using Eq.(2)
While(t < maximum number of iterations)

Return the best solution obtained so far as the global optimum

Fig. 1. The pseudo-code of SCA.

where 1, € (0,2m), 13 € (0,2), r4 € (0, 1) are random numbers
of uniform distribution, r; is the control parameter, and

rn=a (l - tn:)() (3)

where a is a constant, and t, t,,.x are the current number of
iterations and the maximum number of iterations respectively.
The pseudo-code of SCA is shown in Fig. 1.

3. Riesz fractional derivative elite-guided sine cosine algo-
rithm

In the sine cosine algorithm, individuals are not only guided
by the global optimal individuals, but also learning from the
best individuals and evolving the population toward the target
location, which can effectively speed up the convergence of the
swarm intelligence algorithm. Based on it, we can deduce that
the quality of the global optimal individual is very crucial, and
the global optimal individual in the SCA without itself updated
strategy. Therefore, we apply the Riesz fractional derivative muta-
tion strategy to update the optimal individuals in the population
and improve the convergence speed and calculation accuracy of
SCA. We also adopt the quasi-opposition learning strategy and
the opposition-based learning strategy according to probability to
balance the exploration and exploitation capabilities of SCA.

3.1. Riesz fractional derivative mutation strategy

In the sine cosine algorithm, there is no update strategy for
the global optimal solution. However, the global optimal solution
has an important influence on the nature of the algorithm. In this
study, we use the Riesz fractional derivative to update the global
optimal solution x,. The Riesz fractional derivative [11] is defined
as follows.

Definition. Let function g (x) be continuous in interval [0, x].
Divide the interval [0, x] into M equal parts and the step length
h= ﬁ The approximate formula for the « order Riesz fractional
derivative of g (x) with second-order accuracy is as follows.

9°g (%) —
—~ =—h" g (x — kh) 4+ 0 (h? (4)
d |x| ,{;w k ()
where o} = D@D k =0,%£1,%2,..., w; are the

r(§—k+1)r(5+k+1)’
coefficients of the formula of Riesz’s fractional derivative. I" is
Gamma function. Omit high order items, Eq. (4) can be written
as.

9¢ (X) +00 0
8 ~—h™¢ |:Z wig (x — kh) + Z wig (x — kh):| (5)
k=0

a |x|*

k=—00
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Fig. 2. Interval division.
where wp = 2, 0 = o}, k = £1,£2,..., a € [0, 1] indicates

the rate of change. In this paper we take « € [0, 1]. When it gives
the cutoff on [—M, M], the Eq. (5) can be written as.

0°g (0 : .
IR ~—h™ |:Z wrg (x — kh) + Z wrg (x — kh):| (6)

k=0 k=M

where the parameters h, a, wy are the same as Eq. (5). Eq. (6)
evidence the rate of change at point x utilizes the contribution
of 2M points that are symmetrically equidistant from x. In this
paper, we take M = 2. In order to enhance the local search
ability of SCA, we select randomly the jth dimension from the
optimal solution X, = (X1, X42, ..., X«n) in the SCA evolutionary
population G‘lﬁ to perform mutation of fractioned derivatives to
generate a new solution in the optimal solution neighborhood. As
the element of the optimal solution x,, the neighborhood of x,;
cannot be too large, so the range of neighborhood x,; decreases
as the number of iterations increase. Since the distance from x,;
to the two endpoints of interval [l;, u;] is not equal. Therefore, we
think about a quarter of the distance between x,; and the lower
l; and upper u; bounds as the acceptance range. We consider the
adaptive interval partition according to the number of iterations.
Let L]-l and sz represent the adaptive length of x,; from the left and
right endpoints, respectively, they can be automatically adjusted
as follows

L= <1 _ tn;) . 7("*14_ b) 7)

t (15 — xy)
I} = (1 - (8)
] tmax 4
then
—1) t
71 2 (] i)

L] - Lj +Lj - 4 . (1 B tmax) (9)

u; — X*‘ L
X:(X*j+ J 2 1>_§J (10)

L; indicates the length of the required segmentation interval,
where t, tnhax are the current number of iterations and the max-
imum number of iterations, and u;, ; are the upper and lower
bounds of the jth dimension. The midpoint of the interval is x,
The illustration of the process is shown in Fig. 2.

Taking x as the center and dividing L; into 2M, the step size h
is
L.
h=_—"
2M + 1
The 2M + 1 endpoints are xfij =x+kh,k=0,1,2,..., M. Ac-
cording to the points, a correction point of 2M + 1x, is generated
respectively. Let y*~ = (x,1, Xu2, ..., Xygo1, X — KB, Xyji1, ..., Xen),
Y = (0 X Xgon X HRR X, X)) k= 0,1,2,

(11)

..., M, the y*=, y** k = 0,4£1,42,..., M are only different
in the jth dimension. Then with regard to problem (1) the jth
dimension of x, corrected based on the Riesz fractional derivative
is

M 0
X =X - [Hr-h‘“ (Zwkf W+ D of (yii—)ﬂ (12)

k=0 k=—M

where r is a uniformly distributed random number of [0, 1], &, wy
are same as Eq. (6), h is calculated by Eq. (11). Then a greedy
search between the update point y = ( X

Xl Xu2s « o o5 Xij—1, Xy
., X4n) and the best solution x,.

X*j+1a ..
3.2. Probabilistic learning strategy

The quasi-opposition learning strategy (QOL) [12,13] and
opposition-based learning (OBL) [14,15] are effective methods to
enhance population diversity, improve solution performance, and
speed up the convergence of the algorithm.

After considering the Riesz fractional derivatives in updating
the optimal individuals, the QOL strategy and the OBL strategy are
updated according to the probability p to improve the exploration
ability of the algorithm.

For the current population, when the QOL strategy is used,
the quasi opposition point x/° of the ith individual & is x° =

Qo qo q0
(x x5, ..., i), where

I + u;
xZ":rand(j—; ],Ij—i—uj—xfj),i:1,2,...,N,j=1,2,...,n

(13)

where u;, |; and xj; are the upper and lower bounds and element
of the jth dimension of &f, respectively. rand (a, b) denotes the
uniform distribution on the interval (a, b). If the current popu-
lation is implemented the OBL strategy, the opposition point is
X = (x,x%, ..., x%), where

i > %in
X =lh+u—x5i=12...,Nj=12._..n (14)
for all individuals in the population, the QOL strategy and OBL
strategy are executed according to a certain probability p, which
takes into account the advantages of the two methods and obtains
a high-quality population. The ith new individual ux! can be
obtained from Eq. (15)

o & r>p .
uxi:{xg)inp,z:l,Z,...,N (15)
where r is a random number distributed uniformly over interval
[0, 1]. p is a control parameter which denotes the given proba-
bility. In this paper, p = 0.5. Individuals are ranked according
to the fitness value, and a better individual is selected as a new
generation of population.

3.3. The proposed algorithm

Based on the two modification which are Riesz fractional
derivative mutation strategy and probability learning strategies
for improving SCA, we propose a sine cosine algorithm based
on Riesz fractional derivative mutation which named RFSCA. The
steps of the RFSCA are as follows:

Step1: Let t = O, initialize a set of search agents using a ran-
dom function(solutions x) and use the QOL strategy to generate
a new agents (x%°) from x. Then pick the best N individuals from
x%° U x as initial population G*. Record the position of the optimal
individual &%;

Step2: Using the Eq. (2) to update individuals in G* to produce
population G{', and update the best individual &%;
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Table 1
The parameters of algorithm and their values.
Algorithms Parameters Value
SCA a 2
OBSCA a 2
PSO Vmins Umax —0.6,0.6
Win, Wnax 0.2,0.9
€1, G 1.496,1.496
OPSO Umin, Umax —0.6,0.6
Wmin, Wmax 0.2,0.9
c1,C2 1.496,1.496
Po 0.3
GWO Amin > Amax 0,2
MFO I [—1,1]
b 1

Step3: Generate random number r (r € [0, 1]). If the random
number r is greater than the probability p, the quasi-opposition
population G5! of population G{*' are calculated by Eq. (13).
Greedy search for 2N individuals in G{*' U G5*" and choose the
first N individuals with better fitness as a new generation of
population G'+'. Otherwise, a opposition-based learning strategy
is performed to update the population Gﬁ“ to obtained the oppo-
sition population G5 of the population G{*' by Eq. (14). Greedy
search for 2N individuals in G{*' U G5™' and choose the first N
individuals with better fitness as a new generation of population
G'*1. Then update the best individual &;

Step4: Update the best individual x. using Eq. (12)

Step5: Determine whether the algorithm satisfies the termi-
nation condition. If not, let G = G'*!, t = t + 1, return Step2;
otherwise, output the global optimal value f (.).

The pseudo code and flow chart of RFSCA is shown in Figs. 3
and 4.

4. Experiments and discussion

For the stochastic optimization algorithm, select the appropri-
ate test set to test its performance to show that the superiority
of the algorithm is necessary.

Therefore, in this section, two different benchmark test set,
classical benchmark of 23 problems [16-19] and standard IEEE
CEC 2017 [20] have been chosen. The experiment of the test
set (classical benchmark of 23 problems) uses iterations as the
evaluation criteria of the algorithm, and the test set (standard
IEEE CEC 2017) uses FES as the evaluation standard in numerical
experiments.

In order to test the performance of the proposed RFSCA, the
comparisons among the RFSCA and SCA [1] and its improved
algorithms OBSCA [2], PSO [21] and its improved algorithms
OPSO [22], GWO [23], MFO [24], SSA [25] are carried out to ver-
ification the effectiveness of RFSCA. In RFSCA, r, € [0, 27],13 €
[0, 2], r4 € [0, 1] are three random parameters. The value of rq
can be obtained from Eq. (3). The parameters of the comparison
algorithm are shown in Table 1.

4.1. Experimental analysis on classical benchmark of 23 problems

In order to verify the validity of the proposed RFSCA, classical
benchmark of 23 problems are used in this section to perform
a minimum simulation experiment. The expression, dimension,
upper and lower bounds of variables, and theoretical optimal
values are shown in [16-19].

The experimental parameters in the following comparative
experiments are the same, which are list as follows: population
size N = 30, the number of iterations ty.x = 500, the dimen-
sion Dim = 30(Except Fixed-dimension multimodal benchmark

functions). All of algorithms are independently executed 20 times,
which calculate the average result (Ave) and standard deviation
(STD). The Wilcoxon rank-sum-test [26] has been chosen for
statistical comparison because it is necessary to distinguish the
difference between the two sets of data.

To analyze the performed of algorithm, average result (Ave),
Wilcoxon test results and standard deviation (STD) in each func-
tions is shown in Table 2. The “+/=/—" indicates the number of
functions of the comparison algorithm “better/equivalent/inferior”
to RFSCA, and the “CPUtimes” indicates the sum of the CPU times
taken by the SCA, OBSCA, and RFSCA algorithms to run 20 times in
all functions, the bold data indicates the best result of problems.
In addition, Table 3 show the Wilcoxon rank-sum-test p-value
corresponding to Table 2, the bold data indicates the results of
the current algorithm are similar to RFSCA results.

From the Tables 2 and 3, it can be analyzed that the result
of RFSCA is better as compared to classical SCA and OBSCA.
The classical SCA performance is similar to RFSCA in F14, F17
and inferior to RFSCA in the result of 21 test functions. OBSCA
performs satisfactorily in a Multimodal functions, some of its
results (F14, F16, F19, F21, F23) are similar to RFSCA, while OBSCA
lost to RFSCA in the remaining 15 functions.

To analyze the convergence performance of algorithm, con-
vergence curve of algorithms from each function is plotted in
Fig. 5 (unimodal functions), Fig. 6 (multimodal functions), Fig. 7
(fixed-dimension multimodal functions). From the figures, RESCA
converges faster and convergence accuracy is higher. We can also
clearly see from some convergence graphs (F1-F4, F9-F10) that
RFSCA is still converging when the number of iterations reaches
the maximum, while SCA and OBSCA have stopped converging.

From Table 3, it can be analyzed that the Wilcoxon test re-
sults of GWO, PSO, OPSO, MFO, SSA are 9/1/13, 8/3/12, 9/1/13,
6/3/14, 7/2/14. And the Wilcoxon test result of GWO at function
F14 is 0.4570, indicating that there was no significant difference
between results of the GWO and RFSCA at a significance level of
0.5.

From the Tables 2 and 3, it can be observed that regardless
of the Unimodal, Multimodal and Fixed-dimension multimodal
functions, RFSCA has the best performance compared to other
algorithms. For unimodal functions, the convergence accuracy of
RFSCA on F1, F2, F3, F4, F7 is much higher than that of the com-
parison algorithms, SSA performs best at F6 and all algorithms
performance seem to be very weak in the F5, even so, RFSCA also
performs better than most comparison algorithms in function F5.

From the result of Multimodal functions it can be observed
also that the RFSCA shows very promising results in terms of
convergence result as compared to other Algorithms in F9, F10,
F11, and RFSCA converges to the theoretical optimal solution
on F9 and F11. The performance of MFO is similar to RFSCA
and better than other algorithm on F8, the result of OPSO in
F12 and PSO in F13, are better than other. For fixed dimension
functions, RFSCA converges to the satisfactory results on F15,
F21. However, the performance of the results on F14, F17, F20 is
general, indicating that the performance of the RFSCA algorithm
in solving fixed dimension multimodal optimization problems
still needs to be strengthened.

To analyze the distribution of the results, the box-plot (Uni-
modal functions F1, F3, Multimodal functions F8, F10, Fixed-
dimension multimodal functions F21, F23) in each algorithm is
plotted in Fig. 8, it is observed that the variance of RFSCA is
significantly smaller than the comparison algorithm and there
are few outliers. As above, the performance of RFSCA is better
than other algorithm, and RFSCA has the characteristics of fast
convergence, high convergence precision, small computational
complexity and strong robustness. It also effectively coordinates
the algorithm exploration and exploitation capabilities and can
handle most problems well.
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Algorithm 2:Riesz fractional derivative elite-guided Sine Cosine Algorithm

Initialize a set of search agents using a random function(solutions x)
Use the QOL strategy to generate a new agents (x*) from x, pick the best N
individuals from x? U x as initial population

Do

Evaluate each of the search agents by the objective function
Update the best solution obtained so far ( x.)

Update ;,7,,7, , 7,

Update the position of search agents using Eq.(2)
Generate random numbers 7 (7 €[0,1])

If (r>p)

Update the position of search agents using Eq.(13)

else

Update the position of search agents using Eq.(14)

endif

Update the best solution x, using Eq.(12)

While(t < maximum number of iterations)

Return the best solution obtained so far as the global optimum

Fig. 3. The pseudo-code of RFSCA.

Initialize x

wE Update x with

Update x with QOL RF strategy
1 |
Compute x* I
l' random number r<p
e ~
Compute f(x), f(x%) refo] Updatex with OBL
\ -
1
Choose the best N
fromxUx® as x Upate x with Eq.(2)

Initialize strategy

Updating strategy

Fig. 4. The flow chart of proposed RFSCA algorithm.

4.2. Analysis of parameter a

The value of parameter « is the key to the Riesz fractional
derivative mutation strategy. Since the value of « is unknown,
we need to employ simulation experiments to detect the effect
from « value on the performance of the algorithm. This sec-
tion selects functions F1-F23 for experimentation, o takes 11
values at step of 0.1 within the interval [0,1]. The learning strat-
egy uses quasi-inverse learning, and other parameters remain
unchanged. Through the difference of experimental results of
Friedman test [27], and the results of simulation experiments
are sorted. Finally, the order corresponding to different « values
is added to obtain total rank. The effect of parameter « on the
performance of RFSCA is presented in Table 4.

Table 4 shows that there are seven functions (F6, F8, F12, F13,
F17, F18, F20) in the 23 kinds of test functions which are (the
Friedman detection value P are lower than 0.05). It indicates that
there are a significant difference between the results of 11 kinds
of o corresponding values in these functions. However, the results
of F17 and F18 converge to the theoretical optimal value, and the
results of five other functions are on the same order of magnitude.

Therefore, the elite Riesz strategy is not sensitive to the value
of «. The rank of 11 kinds of « values are corresponding to the
range [23, 253] of the total rank. When the value of « is 0.2,
the corresponding result is the best, and the total rank is 123.
Therefore, we set « is 0.2 in this paper.

4.3. Analysis of control parameter p

The Eqgs. (13) and (14) show that the opposition point obtained
by the OBL strategy is relatively fixed and the diversity of the pop-
ulation is enhanced. The QOL strategy has a strong randomness,
which accelerates the convergence speed of the algorithm. How-
ever, compared with OBL, the QOL strategy is more likely to fall
into a local optimum when dealing with multimodal functions.
Therefore, the reasonable value of parameter p can make good use
of the advantages of OBL strategy and QOL strategy. Supposing
0.1 as the step size, take 11 values of p in the [0, 1]. Wherep =0
represents the QOL strategy is only performed and p = 1 rep-
resents the OBL strategy is only performed. Table 5 demonstrates
the ranked mean and standard deviation of Friedman-p for 23 test
functions under the same experimental conditions.
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Table 2
The statistical comparison proposed method and some swarm intelligence algorithms in F1-F23.
Functions Algorithms
SCA OBSCA GWO PSO 0PSO MFO SSA RFSCA
F1 Ave 5.7639 7.9564e—12 9.7204e—28 2.9459e—04 0.0050 2.0041e+03 2.4355e—07 1.4624e—182
STD 8.9942 3.3105e—11 7.4628e—28 5.0009e—04 0.0034 5.2319e+-03 3.6187e—07 0
F2 Ave 0.0195 1.8926e—12 1.0204e—16 0.0285 0.1807 31.1313 2.5007 6.1389e—106
STD 0.0210 4.9289%e—12 6.7560e—17 0.0196 0.1384 20.9700 2.2936 2.7378e—105
F3 Ave 9.8663e+-03 11.0920 3.1874e—05 79.2047 120.0785 2.2564e+-04 1.3519e+-03 1.2042e—159
STD 6.2449e+-03 24.0185 1.2770e—04 27.9250 39.0972 8.7717e+03 689.0420 5.3135e—159
F4 Ave 30.9892 0.1177 7.9485e—07 1.1296 1.2753 68.4859 10.8288 6.8596e—87
STD 10.7659 0.3084 8.1718e—07 0.2110 0.2344 7.0105 2.9539 3.0182e—86
F5 Ave 3.1334e+04 28.5487 27.0457 86.1010 120.7562 4.0010e+06 376.6455 27.8192
STD 4.3495e+-04 0.2270 0.8275 40.9061 81.3156 1.7876e+-07 658.6158 0.6267
F6 Ave 33.8302 47451 0.7205 6.4206e—05 0.0138 2.3930e+-03 1.5667e—07 2.3155
STD 48.5564 0.2887 0.2817 5.7934e—05 0.0294 5.3531e+03 1.7485e—07 0.4577
F7 Ave 0.0826 0.0029 0.0020 0.1758 9.8244 4.5024 0.1463 1.0733e—04
STD 0.1566 0.0016 0.0010 0.0559 13.7695 10.9812 0.0538 8.4294e—05
F8 Ave —3.6943e+03 —3.8259e+03 —5.9648e+03 —5.1881e+-03 —8.1482e+03 —8.6291e+03 —7.6359e+-03 —7.2990e+-03
STD 379.0686 258.1734 1.1317e+4-03 1.2373e+03 1.2218e+-03 713.5406 827.2185 994.5160
F9 Ave 38.5256 5.7769e—10 2.5220 645113 91.5816 159.4464 49.4991 0
STD 33.7324 1.5948e—09 3.8079 14.2834 27.2653 37.6656 23.9549 0
F10 Ave 12.9014 0.8696 1.0179e—13 0.2555 0.4815 16.0860 2.5458 8.8818e—16
STD 9.2276 15010 1.5134e—14 0.5119 0.5085 6.7368 0.5851 0
F11 Ave 0.9033 3.9831e—06 0.0080 0.0095 0.0059 14.5469 0.0183 0
STD 0.3885 1.7341e—05 0.0150 0.0078 0.0064 44.0100 0.0129 0
F12 Ave 6.7709e+-03 0.5513 0.0408 0.0052 9.5742e—05 10.7130 6.4836 0.3252
STD 2.3930e+-04 0.0647 0.0195 0.0232 8.3209e—05 8.8272 2.4986 0.1131
F13 Ave 4.6733e+4-05 2.5815 0.5900 0.0071 0.0097 2.0503e+-07 17.6341 15103
STD 1.2004e+-06 0.1742 0.2228 0.0108 0.0085 9.1693e+-07 16.2260 0.3078
F14 Ave 1.6946 1.7036 3.9391 2.5786 2.4705 29135 1.2463 2.3650
STD 0.9693 0.9636 3.8845 2.0284 2.9700 3.1500 0.5462 3.5762
F15 Ave 0.0011 8.2053e—04 0.0034 9.0799e—04 8.9057e—04 0.0011 0.0039 6.5150e—04
STD 3.6216e—04 2.0977e—04 0.0073 1.8888e—04 1.0426e—04 4.5797e—04 0.0071 2.3519e—04
F16 Ave —1.0316 —1.0316 —1.0316 —1.0316 —1.0316 —1.0316 —1.0316 —1.0316
STD 4.4812e—05 5.3698e—06 9.9032e—09 1.9729e—16 1.7646e—16 2.2781e—16 1.6802e—14 1.2090e—05
F17 Ave 0.3994 0.3988 0.3979 0.3979 0.3979 0.3979 0.3979 0.3985
STD 0.0016 6.1889e—04 8.5810e—07 0 0 0 1.0757e—14 4.7389e—04
F18 Ave 3.0001 3.0000 3.0000 3.0000 3.0000 3.0000 3.0000 3.0000
STD 1.1938e—04 2.6448e—05 2.6677e—05 1.4372e—15 1.6803e—15 2.0325e—15 1.7017e—13 1.1482e—05
F19 Ave —3.8540 —3.8583 —3.8622 —3.8628 —3.8628 —3.8628 —3.8628 —3.8587
STD 0.0031 0.0020 0.0014 2.2367e—15 2.1946e—15 2.2781e—15 4.2277e—11 0.0030
F20 Ave —2.7706 —3.1068 —3.2521 —3.2566 —3.2804 —3.2134 —3.2250 —3.1432
STD 0.5299 0.0391 0.0771 0.0607 0.0582 0.0510 0.0585 0.0570
F21 Ave —2.6319 —8.7161 —9.0131 —8.1355 —8.3908 —5.7582 —8.1464 —9.5979
STD 2.2686 2.0800 2.3847 2.9007 2.8363 3.1285 3.2099 0.3594
F22 Ave —3.3189 —9.8822 —9.7537 —-9.0714 —9.2272 —7.1064 —9.1590 —9.7974
STD 1.9381 0.3629 2.0281 2.7724 2.4578 3.4904 2.5938 0.4378
F23 Ave —3.7434 —10.0400 —10.5344 —8.2896 —10.2684 —6.8237 —7.5267 —9.7438
STD 15133 0.3268 8.8917e—04 3.2270 1.1987 3.8584 3.5199 0.5246
+/=/— 0/2/21 0/8/15 8/3/12 9/1/13 9/1/13 6/3/14 7/2/14
CPUtime (s) 19.4469 32.1976 34.0926

From Table 5, we can see that the results of F17-F20 only
have a small difference, except for function F14. The RFSCA corre-
sponding to different values of parameter p has a significant dif-
ference among the remaining 18 test functions. For the unimodal
functions F1-F4 and F6, the results of the QOL strategy have the
best performance, indicating that the QOL strategy has a greater
contribution to the improvement of the accuracy of the unimodal
function. For multimodal functions and fixed-dimensional multi-
modal functions, the use of probabilistic selection strategy has
the best performance, and the QOL strategy has a significant
impact. However, the results of only applying QOL strategy is the
worst (Total rank is 204, the maximum rank in Table 5). These
results indicate the use of QOL strategies for individuals cannot
improve algorithm performance effectively. The range of total

ranks corresponding of 11 kinds of p values is [23,253]. When
the value of p is 0.5, the corresponding algorithms have the best
performance (Total rank is 109.5, the minimum rank in Table 5).
Therefore, p = 0.5 is used as the RFSCA algorithm parameter in
this paper.

4.4. Experimental analysis on standard IEEE CEC 2017

To further verify the effectiveness of the proposed algorithm,
in this section, challenging standard benchmark test set IEEE
CEC 2017 [20] is used to evaluate the performance of proposed
algorithm. This test set contains 4 different types of functions
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Table 3

p-value obtained from Wilcoxon rank sum test (RFSCA algorithm for comparative samples, n = 30).
Functions  SCA OBSCA GWO PSO 0PSO MFO SSA

p-value p-value p-value p-value p-value p-value p-value

F1 6.7956e—08 6.7956e—08 —  6.7956e—08 —  6.7956e—08 —  6.7956e—08 —  6.7956e—08 —  6.7956e—08 —
F2 6.7956e—08 6.7956e—08 - 6.7956e—08 . 6.7956e—08 - 6.7956e—08 . 6.7956e—08 . 6.7956e—08 —
F3 6.7956e—08 6.7956e—08 —  6.7956e—08 —  6.7956e—08 —  6.7956e—08 —  6.7956e—08 —  6.7956e—08 —
F4 6.7956e—08 6.7956e—08 —  6.7956e—08 —  6.7956e—08 —  6.7956e—08 —  6.7956e—08 —  6.7956e—08 —
F5 6.7956e—08 6.7956e—08 - 0.0023 + 4.6804e—05 — 6.7956e—08 - 6.7956e—08 — 4.6804e—05 -
F6 6.7956e—08 6.7956e—08 —  6.7956e—08 +  6.7956e—08 4+  6.7956e—08 4  0.0033 —  6.7956e—08 +
F7 6.7956e—08 6.7956e—08 —  6.7956e—08 —  6.7956e—08 —  6.7956e—08 —  6.7956e—08 —  6.7956e—08 —
F8 6.7956e—08 6.7956e—08 —  5.0907e—04 — 5.1658¢—06 —  0.0071 + 1.0373e—04 +  0.2393 =
F9 6.7956e—08 1.6699e—04 —  7.8754e—09 8.0065e—09 —  8.0065e—09 —  8.0065e—09 —  8.0065e—09 —
F10 6.7956e—08 8.0065e—09 —  7.1806e—09 —  8.0065e—09 —  8.0065e—09 —  8.0065e—09 —  8.0065e—09 —
F11 6.7956e—08 2.9920e—08 0.0096 — 8.0065e—09 —  8.0065e—09 —  8.0065e—09 —  8.0065e—09 —
F12 6.7956e—08 1.2009e—06 - 6.7956e—08 + 6.7956e—08 + 6.7956e—08 + 6.7956e—08 . 6.7956e—08 -
F13 6.7956e—08 6.7956e—08  — 1.0646e—07 +  6.7956e—08 +  6.7956e—08 +  6.7956e—08 —  0.0060 +
F14 0.0531 0.0810 = 04570 = 07141 = 0.0092 — 0.1028 = 22214e-04 -—
F15 3.7499e—04 0.0275 - 0.0468 — 2.4706e—04 — 1.1590e—04 - 0.0040 — 0.0021 -
F16 1.8074e—05 0.5609 = 22178e—07 +  2.8636e—08 +  0.0758 = 8.0065e—-09 +  6.7956e—08 +
F17 0.1806 0.1264 = 6.7956e—08 +  8.0065e—09 +  8.0065e—09 +  8.0065e—09 +  6.4125e—08 +
F18 0.0123 0.4735 = 0.0315 — 6.2414e-08 +  8.0065e—-09 +  63761e—08 +  6.7956e—08  +
F19 1.0373e—04 0.3507 = 45401e—06 + 15124e—08 +  2.4037e—08 + 8.0065e—09 + 6.7956e—08 +
F20 9.1266e—07 0.0499 —  8.2924e—-05 +  4.7072e—06 +  1.1096e—06 +  2.5073e—04 +  4.6804e—05 +
F21 6.7956e—08 0.7972 = 0.0012 —  0.1059 = 0.0302 — 0.0311 — 0.0315 -
F22 6.7956e—08 0.5792 = 1.5997e—05 . 8.9731e—04 . 9.5287e—04 . 1 = 0.0012 —
F23 6.7956e—08 0.0859 = 6.7956e—08 +  0.1057 = 6.0608e—07 + 1 = 0.5979 =

and the number is 30, Unimodal Functions (F1-F3), Simple Mul-
timodal Functions (F4-F10), Hybrid Functions (F11-120), Compo-
sition Functions (F21-F30).

For the sake of fairness, the experimental parameters in the
following comparative experiments are the same, which are list
as follows: population size N = 50, and the number of functional
evaluations (FES = 10000 - Dim). All of algorithms are indepen-
dently executed 20 times, which calculate the average result
(Ave) and standard deviation (STD), this section of the experiment
uses a higher dimension Dim = 50. The Wilcoxon rank-sum-test
has been chosen for statistical comparison.

Table 6 shows the average result and standard deviation of the
eight algorithms running independently 20 times at dimension
Dim = 50. Table 7 shows Wilcoxon rank sum test of SCA and OB-
SCA for the 50-dimensional benchmark set. The Wilcoxon rank-
sum-test results of SCA and OBSCA are 2/17/11 and 5/13/12.
Although those algorithms perform similarly most test functions,
it can be seen that RFSCA is significantly better than the classical
SCA and OBSCA.

Unimodal functions evaluate the strength of exploitation of
algorithm. RESCA performs better than the improved algorithm
OBSCA in unimodal functions, which is similar to the classical SCA
algorithm. The problems from F4 to F10 are simple multimodal
functions and in these functions RFSCA performs better than
classical SCA, and OBSCA outperforms RFSCA only in F5, F10. Hy-
brid Functions (F11-F20) and Composition Functions (F21-F30)
evaluate the stability of exploration and exploitation, it is shows
that RFSCA performs better in terms of equalization exploration
and exploitation. In addition, RFSCA can obtain better results
than SCA and OBSCA in a shorter time because the CPU times
of SCA, OBSCA, and RFSCA are 6.0808e+03 s, 5.0692e+-03 s, and
5.0473e+03 s.

To analyze the diversity behavior of solutions and exploitation
capability, average distance between the solutions in each gener-
ation is plotted in Fig. 9. Fig. 10 reflects the impact of the Riesz
fractional derivative mutation strategy on the optimal individual,
and the ordinate is the coordinate Euclidean distance between
current optimal individual and previous optimal individual. In
Figs. 9 and 10, the maximum number of iterations set 500, the
population size is 50, the dimension Dim = 50, and the six test
functions are selected are the unimodal function (F1), the simple

multimode function (F10), the mixing function (F15, F20), and
Combination function (F25, F30).

From the Fig. 9 it can be observed that the RFSCA shows good
results in terms of diversity behavior as compared to classical
SCA. The diversity behavior curve of RFSCA changes more obvi-
ously with the number of iterations. This is because RFSCA has a
learning strategy and a Riesz fractional derivative variation strat-
egy, which makes RFSCA conduct local exploitation while taking
into account global exploration. If the Riesz fractional derivative
variation strategy of the tth iteration is not improved for the
optimal individual in Fig. 10, the distance of the tth iteration is
zero. From Fig. 9 it can be seen that the update of the optimal
individual is frequent, which proves the validity of the Riesz
fractional derivative mutation strategy.

4.5. Complexity

The time complexity of the swarm intelligent optimization
algorithm is very important, and it depends on the structure
of the algorithm and the size of the population. Therefore, the
time complexity of RFSCA is affected by population size, number
of iterations, and algorithmic strategies, RFSCA consists of three
parts: classical SCA update strategy, Learning strategy and Riesz
fractional derivative mutation strategy, thus the complexity of the
proposed algorithm can be calculated as follows:

O(RFSCA) = 0O (positions update through equations of SCA)
+0 (OBLor QOL)
O (best positions update through equations of RF)
= 0(((2N + 1) x 1) X tmax)

Similarly

O(SCA) = O (N x n X tmax)

O(OBSCA) = O ((2N x n) X tmax)

where N is the population size, n is the dimension, ty.x is the
maximum number of iterations. Only the global optimal individ-
ual is updated in the Riesz fractional derivative variation strategy.
The last row of Table 2 shows the sum of CPU times of SCA,
OBSCA, RFSCA running 20 times in 23 functions. The CPU times of



W. Guo, Y. Wang, F. Zhao et al. / Applied Soft Computing Journal 81 (2019) 105481 9

-4000

-5000

-6000

-7000

best score obtained so far (value)

-8000

50 100 150 200 250 300 350 400 450 500
iteration

F10
L Lo C 660060 —E—E= X
—=—a-—9-o- A
oL A S0 & ~ A
10 RS S s
—_ —4A—SCA
s —A— OBSCA
g —+—Gwo
= —+—PSO
£ 105k —©— 0PSO
3 —o—MFO
3 SSA
% —*%—RFSCA
2
[s}
4
Q
-10 L 4
2 10
7
[
o
10—15 L T SO SO SO S SO SO S S OY H—h— ek

ek —k—k—k—k
150 200 250 300 350 400 450 500
iteration

F12

A

& A ‘
=) Qﬁ\g

100

best score obtained so far (value)

150 200 250 300 350 400 450 500
iteration

50 100

best score obtained so far (value)

50 100 150 200 250 300 350 400 450 500

iteration

best score obtained so far (value)

150 200 250 300 350 400 450 500
iteration

4 T T
)
o ©. e —A—SCA
1084 —A—OBSCA | }
—+—oewo 4
i —+—PSO
2 —©—0PSO | ]
R —o—MFO | A
5 \ SSA
o \ —%—RFSCA
@ \
4l \ ]
§ 10
kS A
Qo
[s} \
o 102F 1
3 ~Q \
2 oo o
» + ©—g_ A
g §
100 ¢ k|
*
*+ S B
. S
O
102k L L . . L L L T 7

50 100 150 200 250 300 350 400 450 500
iteration

Fig. 6. Convergence graphs for multimodal problems.

OBSCA and RFSCA is 32.1976 s and 34.0926, respectively. So it can
be seen that the time complexity of RFSCA is similar to OBSCA.

Section 4.4 gives the experimental results of the IEEE CEC 2017
standard test set, where the number of functional evaluations
(FES = 10000 - Dim) is used as the algorithm termination con-
dition, and the number of functional evaluations can reflect the
algorithm runtime. The last row of Table 6 shows the sum of
CPU times of SCA, OBSCA, RFSCA running 20 times in 30 func-
tions, and the CPU times of SCA, OBSCA, RFSCA are 6.0808e-+03
5,5.0692e+4-03 5,5.0473e+03 s. In summary, RFSCA can use less
time to calculate better results than SCA, OBSCA.

4.6. Welded beam design

This section tests the ability of RFSCA to solve constrained op-
timization problems through two engineering instances: Welded

beam design [28], pressure vessel design [18,19]. The perfor-
mance of RFSCA in two problems can reflect the practical ap-
plication performance of the algorithm. These two engineering
problems have different constraints, and the penalty function
method is one of the constraint processing techniques which is
most commonly used. The basic idea of the penalty function is
to add a penalty item that can reflect whether the constraint is
satisfied in the objective function, and then use the optimization
algorithm to solve the objective function, so that the algorithm
finds the optimal solution of the objective function under the
action of the penalty term. In this paper, we apply the penalty
function in [29] to solve the problem. The population size of the
algorithm is set as 30 and the maximum number of iterations is
500 in all experiments. The algorithm runs 20 times to obtain the
average value of the objective function.
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Fig. 7. Convergence graphs for Fixed-dimension multimodal benchmark functions.
Welded beam design problem (as Fig. 11) is to minimize Let X = [x1,X2,X3,%4] = [h, 1, t,b], and the mathematical

manufacturing costs. There are four consecutive design variables ~ description of the problem is as follows.

in this question: welding thickness h, weld joint length I, beam The objective function is

width t and beam thickness b. minf (x) = 1.1047x%x2 + 0.04811x3x4 (14.0 + x3)
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Table 4
The result of the control parameter « taken on the benchmark function (mean, standard deviation, Friedman-P, rank, n = 30).

o FI(P = 1) F2(P = 0.2857) F3(P = 1) F4(P = 0.3792)

Ave STD Rank Ave STD Rank Ave STD Rank Ave STD Rank
0 0 0 6 4.4e—207 0 6 0 0 6 1.13e—188 0 6
0.1 0 0 6 8.8e—209 0 6 0 0 6 5.26e—184 0 6
0.2 0 0 6 7.5e—209 0 6 0 0 6 1.22e—176 0 6
0.3 0 0 6 1.8e—215 0 6 0 0 6 3.22e—184 0 6
0.4 0 0 6 8.5e—199 0 6 0 0 6 1.56e—190 0 6
0.5 0 0 6 1.9e—206 0 6 0 0 6 1.22e—189 0 6
0.6 0 0 6 4.4e—211 0 6 0 0 6 1.78e—189 0 6
0.7 0 0 6 2.3e—211 0 6 0 0 6 1.35e—184 0 6
0.8 0 0 6 1.2e—209 0 6 0 0 6 1.32e—184 0 6
0.9 0 0 6 1.2e—209 0 6 0 0 6 1.59e—185 0 6
1 0 0 6 1.1e-210 0 6 0 0 6 1.12e—187 0 6
o F5(p = 0.0764) F6(p = 5.3173e—13) F7(p = 0.7408) F8(p = 0.0042)

Ave STD Rank Ave STD Rank Ave STD Rank Ave STD Rank
0 27.9655 0.4278 6 3.1233 0.5099 8 5.70e—05 5.71e—05 6 —6.41e403 745.6081 11
0.1 27.8290 05173 6 2.2869 0.5788 2 5.26e—05 3.98e—05 6 —6.71e403 1.02e+-03 9
0.2 27.7598 0.4594 6 2.1622 0.6143 1 5.42e—05 5.40e—05 6 —6.86e+03 1.27e+03 8
0.3 27.9698 0.4213 6 24747 0.3760 3 4.37e—05 3.54e—05 6 —6.92e+03 769.9945 7
0.4 27.7635 0.4504 6 2.6556 0.2031 5 4.58e—05 4.31e—05 6 —6.52e+03 807.6112 10
0.5 27.8772 0.5162 6 2.4786 0.4952 4 4.67e—05 3.80e—05 6 —7.17e403 959.0727 5
0.6 28.0599 0.5062 6 2.8634 0.3553 7 3.48e—05 3.40e—05 6 —7.31e+403 1.09e+4-03 3
0.7 28.2131 0.4289 6 2.8063 0.5867 6 4.46e—05 4.12e—05 6 —7.28e+03 894.7391 4
0.8 27.9742 0.4821 6 3.1803 0.5732 10 4.70e—05 3.51e—05 6 —7.06e+03 823.7323 6
0.9 28.0799 0.4858 6 3.1363 0.3813 9 7.44e—05 6.83e—05 6 —7.59e+03 934.7570 1
1 28.1339 0.4224 6 3.1936 0.6535 11 6.21e—05 6.51e—05 6 —7.47e+03 771.0374 2
o FOp=1) F10(p = 1) Fll(p = 1) F12(p = 1.5058e—05)

Ave STD Rank Ave STD Rank Ave STD Rank Ave STD Rank
0 0 0 6 8.88e—16 0 6 0 0 6 0.3370 0.1096 5
0.1 0 0 6 8.88e—16 0 6 0 0 6 0.2656 0.0570 1
0.2 0 0 6 8.88e—16 0 6 0 0 6 0.2818 0.0463 2
0.3 0 0 6 8.88e—16 0 6 0 0 6 0.3234 0.0807 4
0.4 0 0 6 8.88e—16 0 6 0 0 6 0.3169 0.0519 3
0.5 0 0 6 8.88e—16 0 6 0 0 6 0.3410 0.0670 6
0.6 0 0 6 8.88e—16 0 6 0 0 6 0.3418 0.1099 7
0.7 0 0 6 8.88e—16 0 6 0 0 6 0.3740 0.1208 9
0.8 0 0 6 8.88e—16 0 6 0 0 6 0.3691 0.1168 8
0.9 0 0 6 8.88e—16 0 6 0 0 6 0.3765 0.0941 10
1 0 0 6 8.88e—16 0 6 0 0 6 0.3830 0.0810 11
o F13(p = 9.6151e—09) F14(p = 0.2701) F15(p = 0.1399) F16(p = 0.5382)

Ave STD Rank Ave STD Rank Ave STD Rank Ave STD Rank
0 2.5436 0.3410 11 3.4456 3.9780 6 4.37e—04 1.23e—04 6 —1.0316 1.86e—05 6
0.1 1.7955 0.3537 6 4.1186 4.7822 6 5.16e—04 1.90e—04 6 —1.0316 2.02e—05 6
0.2 1.5083 0.3881 1 4.1268 4.3629 6 6.01e—04 1.94e—04 6 —1.0316 1.75e—05 6
0.3 1.6148 0.3487 2 6.7607 5.0391 6 4.836e—04 1.37e—04 6 —1.0316 1.09e—05 6
0.4 1.7679 0.2749 5 6.0717 5.0841 6 5.35e—04 2.96e—04 6 —1.0316 2.07e—05 6
0.5 1.6345 0.2941 3 3.8362 4.0599 6 5.89e—04 1.90e—04 6 —1.0316 1.32e—05 6
0.6 1.8224 0.2531 7 5.8810 4.8640 6 5.79e—04 2.47e—04 6 —1.0316 1.20e—05 6
0.7 1.7515 0.2607 4 4.4129 4.8357 6 5.22e—04 1.66e—04 6 —1.0316 2.50e—05 6
0.8 1.8395 0.3043 10 3.2990 3.7853 6 5.21e—04 1.73e—04 6 —1.0316 2.96e—05 6
0.9 1.8287 0.3588 8 6.5522 5.4042 6 5.78e—04 2.18e—04 6 —1.0316 1.86e—05 6
1 1.8300 0.2732 9 40764 4.1647 6 5.42e—04 2.78e—04 6 —1.0316 1.10e—05 6
o F17(p = 2.7525e—07) F18(p = 0.0019) F19(p = 0.3740) F20(p = 0.0122)

Ave STD Rank Ave STD Rank Ave STD Rank Ave STD Rank
0 0.3987 0.0011 6 3.0000 2.43e—05 6 —3.8594 0.0019 6 —3.1567 0.0633 2
0.1 0.3988 9.08e—04 8 3.0000 4.67e—05 6 —3.8602 0.0018 6 —3.1484 0.0539 4
0.2 0.3988 0.0010 8 3.0000 6.05e—06 6 —3.8590 0.0026 6 —3.1853 0.0446 1
0.3 0.3985 6.48e—04 3 3.0000 1.25e—05 6 —3.8593 0.0023 6 —3.1530 0.0512 3
0.4 0.3989 0.0011 10 3.0000 6.11e—06 6 —3.8580 0.0030 6 —3.1316 0.0621 9
0.5 0.3985 4.95e—04 3 3.0000 3.69e—06 6 —3.8598 0.0018 6 —3.1441 0.0541 5
0.6 0.3988 0.0011 8 3.0000 2.35e—05 6 —3.8589 0.0027 6 —3.1387 0.0464 7
0.7 0.3986 9.66e—04 5 3.0000 6.71e—06 6 —3.8590 0.0030 6 —3.1393 0.0578 6
0.8 0.3985 5.44e—04 3 3.0000 1.59e—05 6 —3.8597 0.0023 6 —3.1293 0.0432 10
0.9 0.3989 0.0012 11 3.0000 1.75e—05 6 —3.8583 0.0032 6 —3.1341 0.0431 8
1 0.3979 2.36e—05 1 3.0000 2.50e—05 6 —3.8587 0.0021 6 —3.1149 0.0613 11

(continued on next page)
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Table 4 (continued).
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o F21(p = 0.6368) F22(p = 0.1898) F23(p = 0.1278) Total rank
Ave STD Rank Ave STD Rank Ave STD Rank
0 —8.7928 1.0088 6 —8.7308 1.1228 6 —9.2730 0.8361 6 145
0.1 —8.8379 0.7412 6 —8.4041 1.0372 6 —8.5102 0.8606 6 132
0.2 —8.7790 0.8402 6 —8.7753 0.8192 6 —9.0773 1.1141 6 123
0.3 —8.6430 0.9305 6 —8.8948 0.9607 6 —8.8518 0.9258 6 124
0.4 —8.4131 0.8949 6 —9.0763 0.7988 6 —8.6049 1.0977 6 144
0.5 —8.4723 0.7307 6 —9.0132 0.8797 6 —8.5353 0.9565 6 128
0.6 —8.5162 0.9304 6 —8.7834 1.2256 6 —8.5986 1.0924 6 141
0.7 —8.4461 0.9803 6 —9.0577 0.8499 6 —8.9145 1.1112 6 136
0.8 —8.6816 0.8473 6 —8.2817 1.0365 6 —8.4102 0.9184 6 149
0.9 —8.0694 1.3100 6 —8.5910 1.1203 6 —8.5425 1.0180 6 149
1 —8.2050 1.3928 6 —8.4671 1.1518 6 —8.7049 1.2393 6 147
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Fig. 8. Box plot for functions (F1, F3, F8, F10, F21, F23).
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Table 5
The results of the parameter p taken on the benchmark function (mean, standard deviation, Friedman-P, rank, n = 30).

p F1(p = 5.2885E—37) F2(p = 3.1334E-37) F3(p = 3.4369E—37) F4(p = 3.1334E—37)

Ave STD Rank Ave STD Rank Ave STD Rank Ave STD Rank
0 0 0 1 4.20e—209 0 1 0 0 1 3.53e—188 0 1
0.1 0 0 2 6.51e—188 0 2 5.10e—314 0 2 7.35e—162 3.20e—161 2
0.2 3.78e—315 0 3 3.12e—165 0 3 2.88e—265 0 3 2.33e—147 1.01e—146 3
0.3 3.79e—251 0 4 2.07e—145 1.58e—123 4 1.83e—221 0 4 1.80e—130 7.60e—130 4
0.4 3.03e—206 0 5 3.70e—124 1.18e—101 5 9.41e—199 0 5 1.22e—109 5.21e—109 5
0.5 8.39e—193 0 6 2.72e—102 2.42e—80 6 2.36e—155 1.02e—154 6 5.88e—86 2.40e—85 6
0.6 6.42e—147 2.71e—146 7 5.56e—81 3.84e—62 7 2.91e—99 1.27e—98 7 1.08e—69 4.53e—69 7
0.7 1.51e—115 6.12e—115 8 8.92e—63 3.12e—40 8 1.28e—77 5.59e—77 8 2.02e—51 6.15e—51 8
0.8 3.23e—76 1.40e—75 9 7.16e—41 5.63e—28 9 1.50e—43 6.57e—43 9 2.60e—30 1.04e—29 9
0.9 4.42e—38 1.92e—37 10 1.55e—28 5.15e—12 10 5.34e—21 1.38e—20 10 9.48e—15 4.12e—14 10
1 1.96e—10 4.78e—10 11 2.25e—12 9.04e—145 11 25.3840 46.8074 11 0.2122 0.5215 11
p F5(p = 3.6569e—04) F6(p = 0.0028) F7(p = 2.2392e—10) F8(p = 1.2464e—06)

Ave STD Rank Ave STD Rank Ave STD Rank Ave STD Rank
0 27.8982 0.6084 8 2.1670 0.5301 1 6.46e—05 7.35e—05 5 —7.00e+03 872.205 6
0.1 27.9926 0.4304 10 2.2848 0.6225 3 5.80e—05 5.65e—05 2 —6.97e+03 778.752 8
0.2 27.8652 0.4592 5 2.3365 0.4368 5 5.49e—05 3.42e—05 1 —7.32e+03 995.620 2
0.3 27.7493 0.4878 2 2.2897 0.8274 4 6.06e—05 4.54e—05 4 —7.24e+403 947.762 4
0.4 27.8244 0.5234 4 2.5635 0.4378 10 7.79e—05 7.49e—05 6 —7.18e+03 977.437 5
0.5 27.9540 0.4381 9 2.1735 0.5918 2 5.87e—05 3.73e—05 3 —7.61e+03 995.569 1
0.6 27.6370 0.5050 1 24225 0.5095 6 1.11e—-04 1.03e—04 8 —7.31e+4-03 1.09e+-0 3
0.7 27.7968 0.4494 3 2.4815 0.5051 7 1.03e—04 6.30e—05 7 —6.86e+03 1.15e+0 9
0.8 27.8882 0.4563 7 2.5300 0.4770 9 1.77e—04 1.49e—04 10 —6.98e+03 1.53e+0 7
0.9 27.8877 0.4225 6 2.4903 0.5702 8 1.35e—04 1.04e—04 9 —6.50e+03 1.27e+0 10
1 28.5583 0.1697 11 3.0948 0.7508 11 0.0037 0.0026 11 —5.45e+03 381.673 11
p FI(p = 2.3430e—33) F10(p = 1.6139e—37) F11(p = 1.6139e—37) F12(p = 8.2300e—06)

Ave STD Rank Ave STD Rank Ave STD Rank Ave STD Rank
0 0 0 55 8.881e—16 0 55 0 0 55 0.2433 0.0704 1
0.1 0 0 5.5 8.881e—16 0 5.5 0 0 5.5 0.3263 0.1223 4
0.2 0 0 55 8.881e—16 0 55 0 0 55 0.3120 0.1565 3
0.3 0 0 55 8.881e—16 0 55 0 0 55 0.3443 0.1056 6
0.4 0 0 55 8.881e—16 0 55 0 0 55 0.2915 0.1103 2
0.5 0 0 55 8.881e—16 0 55 0 0 55 0.3319 0.1604 5
0.6 0 0 55 8.881e—16 0 55 0 0 55 0.3488 0.1418 9
0.7 0 0 55 8.881e—16 0 5.5 0 0 55 0.3724 0.1724 10
0.8 0 0 55 8.881e—16 0 55 0 0 55 0.3463 0.0733 8
0.9 0 0 55 8.881e—16 0 55 0 0 55 0.3450 0.0720 7
1 0.3309 1.4423 11 0.3525 1.5365 11 7.124e—05 1.98e—04 11 0.4581 0.1003 11
p F13(p = 1.4897E—06) F14(p = 0.4054) F15(p = 1.8070E—06) F16(p = 0.0021)

Ave STD Rank Ave STD Rank Ave STD Rank Ave STD Rank
0 1.5918 0.3606 7 6.5483 5.5764 6 4.76e—04 1.69e—04 1 —1.0316 2.98e—05 6
0.1 1.7709 0.3212 10 4.1262 4.3633 6 5.13e—04 2.52e—04 2 —1.0316 1.77e—05 6
0.2 1.6148 0.2645 9 4.7988 5.1980 6 5.38e—04 1.87e—04 3 —1.0316 1.20e—05 6
0.3 1.6113 0.5029 8 5.1140 48329 6 6.28e—04 2.63e—04 5 —1.0316 6.96e—06 6
0.4 1.4607 0.3202 5 2.7802 2.8173 6 5.71e—04 1.88e—04 4 —1.0316 9.96e—06 6
0.5 1.3587 0.3659 1 3.2531 3.5554 6 6.58e—04 2.88e—04 6 —1.0316 1.43e—05 6
0.6 1.4167 0.3335 3 5.7822 5.1249 6 6.78e—04 2.43e—04 8 —1.0316 8.18e—06 6
0.7 1.5135 0.2557 6 2.7616 3.4199 6 6.74e—04 2.87e—04 7 —1.0316 9.35e—06 6
0.8 1.4098 0.3215 2 3.1474 4.0749 6 7.92e—04 2.00e—04 11 —1.0316 3.81e—06 6
0.9 1.4189 0.3580 4 3.5328 4.6063 6 7.64e—04 2.01e—04 9 —1.0316 3.42e—06 6
1 2.1833 0.3260 11 2.6543 3.9559 6 7.75e—04 1.93e—04 10 —1.0316 5.57e—06 6
p F17(p = 0.1063) F18(p = 0.8412) F19(p = 0.6951) F20(p = 0.7551)

Ave STD Rank Ave STD Rank Ave STD Rank Ave STD Rank
0 0.3986 7.77e—04 6 3.0000 1.62e—05 6 —3.8586 0.0040 6 —3.1458 0.0526 6
0.1 0.3991 0.0014 6 3.0000 1.87e—05 6 —3.8588 0.0026 6 —3.1507 0.0594 6
0.2 0.3986 5.45e—04 6 3.0000 9.07e—06 6 —3.8600 0.0024 6 —3.1486 0.0470 6
0.3 0.3988 0.0013 6 3.0000 1.18e—05 6 —3.8598 0.0025 6 —3.1662 0.0543 6
0.4 0.3985 5.98e—04 6 3.0000 1.93e—05 6 —3.8595 0.0019 6 —3.1439 0.0364 6
0.5 0.3983 4.67e—04 6 3.0000 1.56e—05 6 —3.8589 0.0028 6 —3.1639 0.0438 6
0.6 0.3986 5.37e—04 6 3.0000 1.82e—05 6 —3.8586 0.0031 6 —3.1536 0.0543 6
0.7 0.3986 6.62e—04 6 3.0000 1.07e—05 6 —3.8591 0.0031 6 —3.1590 0.0497 6
0.8 0.3984 6.05e—04 6 3.0000 2.17e—05 6 —3.8586 0.0025 6 —3.1587 0.0502 6
0.9 0.3992 0.0014 6 3.0000 3.86e—05 6 —3.8589 0.0033 6 —3.1352 0.0310 6
1 0.3992 0.0011 6 3.0000 3.11e—05 6 —3.8596 0.0020 6 —3.1400 0.0334 6

(continued on next page)
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p F21(p = 2.5747e—04) F22(p = 8.4551e—07) F23(p = 1.2333e—05) Total rank
Ave STD Rank Ave STD Rank Ave STD Rank

0 —8.6162 1.1218 11 —8.6889 1.0888 11 —8.6592 1.2678 11 118.5
0.1 —9.0185 0.8009 10 —9.2094 0.8111 10 —9.5513 0.5668 9 129.5
0.2 —9.4169 0.5977 8 —9.4215 0.7519 8 —9.3848 0.5826 10 116.5
0.3 —9.2619 0.5460 9 —9.4165 0.5789 9 —9.6492 0.6401 8 128.5
0.4 —9.4315 05177 7 —9.6386 0.5653 7 —9.7439 0.6621 7 129.5
0.5 —9.7037 0.3893 2 —9.8942 0.2949 5 —9.8815 0.4191 6 109.5
0.6 —9.4832 0.4251 6 —9.6859 0.3949 6 —9.9419 0.3531 5 109.5
0.7 —9.6094 0.3807 4 —9.9873 0.2515 1 —10.1377 0.3245 1 145.5
0.8 —9.6498 0.2801 3 —9.9212 0.3397 4 —10.0098 0.3870 3 151.5
0.9 —9.7431 0.2949 1 —9.9576 0.3066 2 —10.0504 0.3434 2 148.5
1 —9.5220 1.1480 5 —9.9346 0.1706 3 —9.9872 0.3120 4 204
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Table 6
The statistical comparison proposed method and some swarm intelligence algorithms in standard IEEE CEC 2017.
Functions Algorithm
SCA OBSCA GWO PSO 0PSO SSA MFO RFSCA
F1 Ave 7.1865e+10 9.0695e+10 9.3144e+09 6.7224e+06 1.6148e+08 8.5441e+03 3.9203e+10 7.4840e+10
STD 8.5017e+09 9.7471e+-09 3.6136e+09 3.0018e+07 6.4934e+-07 1.0345e+-04 2.1383e+10 7.6484e+-09
F2 Ave 2.8749e+77 1.0693e+-82 1.4386e+51 5.6296e+27 6.1801e+28 1.1911e+-06 4.2048e+72 1.5132e+-80
STD 6.4942e+77 4.6685e+-82 3.4132e+51 2.5176e+28 9.5355e+-28 3.0709e+06 1.4909e+73 5.2227e+80
F3 Ave 6.6887e+-08 1.7532e+-07 7.6534e+04 5.4563 2.8749e+-03 1.5276e—07 2.0053e+05 3.7773e+06
STD 1.8237e+4-09 2.9966e+-07 1.1883e+-04 4.3623 1.1171e+4-03 3.5020e—08 1.0990e+-05 8.8163e+06
F4 Ave 1.7921e+-04 2.4979e+-04 896.5962 155.2622 258.7275 198.5172 4.0918e+03 1.9380e+04
STD 4.8497e+-03 4.7272e+-03 428.1702 57.7847 45.7992 38.2625 2.2371e+03 3.2752e+03
F5 Ave 711.4990 591.3619 221.4273 263.2647 356.1589 269.0431 455.9413 617.0501
STD 44,7997 20.3877 35.5283 35.1935 37.1614 48.7124 69.9795 149112
F6 Ave 94.0523 94.4079 16.3465 45.3093 74.4817 44.6200 55.7683 96.6642
STD 6.8745 3.4446 4.6633 6.0346 9.6730 9.5049 11.0270 4.3058
F7 Ave 1.5380e+-03 1.2982e+-03 328.5100 242.8791 509.3825 345.1304 1.0650e+03 1.1804e+-03
STD 159.4168 54.1741 51.6524 33.5793 45.5237 74.7048 454.4803 545719
F8 Ave 696.9358 657.5234 219.0074 274.3585 366.1817 258.7872 439.1819 657.3519
STD 41.0094 20.3943 45.5867 43.1880 48.8620 56.2548 69.1237 14.7742
F9 Ave 3.7282e+04 3.9555e+04 5.8019e+03 8.7062e+03 2.1103e+04 9.1257e+-03 1.4675e+04 3.5656e+04
STD 6.6660e+03 3.7318e+03 3.8060e+03 1.3823e+-03 2.0284e+-03 3.9943e+03 3.0586e+03 3.3024e+03
F10 Ave 1.6097e+4-04 1.1117e+-04 6.0483e+03 6.1480e+-03 7.9163e+-03 8.2728e+03 7.8980e+03 1.1634e+-04
STD 724.4347 4259723 698.8297 871.3161 1.3903e+-03 3.0110e+03 978.1511 497.4955
F11 Ave 2.9427e+-04 2.5667e+-04 4.2232e+-03 144.1353 417.0242 279.9908 8.2199e+03 1.9781e+-04
STD 1.4393e+-04 5.8796e+03 2.1935e+-03 33.9505 60.5519 55.2791 6.3508e+-03 1.8142e+03
F12 Ave 2.9866e+10 3.0224e+10 1.0747e+-09 1.2515e+-07 1.1626e+-08 1.0472e+-07 6.4009e+09 3.6143e+10
STD 6.5831e+09 7.4115e+09 1.9115e+09 5.2095e+-07 5.2525e+07 5.8445e+-06 4.5101e+09 6.5407e+09
F13 Ave 1.3055e+10 1.3740e+10 1.2453e+-08 5.3510e+03 1.1013e+-07 1.3519e+4-05 6.2357e+08 1.4915e+10
STD 4.0080e+-09 3.5254e+-09 1.1640e+-08 5.2045e+03 7.8594e+-06 7.1043e+-04 1.0145e+-09 4.8024e+-09
F14 Ave 5.0592e+-07 6.0261e+07 6.9681e+-05 3.9478e+04 1.0427e+05 6.7153e+-05 6.9706e+-05 4.8398e+07
STD 2.6935e+-07 3.5678e-+07 9.3096e+05 2.8741e+04 5.8703e+04 2.8148e+-06 8.5539e+05 1.8985e+07
F15 Ave 3.3026e+-09 3.2351e+09 1.9074e+07 7.9092e+03 2.7331e+06 3.7655e+04 3.1706e+07 3.0410e+09
STD 1.0438e+-09 1.1573e+-09 2.5862e+07 6.9705e+03 2.7392e+-06 2.1837e+-04 9.4626e+07 9.2698e+-08
F16 Ave 6.1561e+03 6.0312e+-03 1.6183e+03 1.7064e+03 1.9317e+4-03 1.8577e+-03 2.6781e+03 6.1948e+-03
STD 512.4725 500.3005 351.4790 520.4002 490.8616 574.9992 415.3409 678.6378
F17 Ave 4.5783e+-03 4.5956e+-03 973.0288 1.3433e+-03 1.1793e+-03 1.3304e+-03 2.1882e+03 4.7858e+03
STD 1.1197e+-03 590.2002 227.0177 281.9043 250.3352 472.7411 443.5808 958.0007
F18 Ave 3.0599e+08 1.7708e+-08 2.9589e+06 2.0751e+05 9.4965e+-05 2.5770e+-05 8.9527e+06 1.4264e+-08
STD 1.7969e+-08 9.1053e+-07 2.3298e+06 1.2249e+-05 5.3210e+-05 1.4500e+-05 1.5686e+07 6.8400e+07
F19 Ave 1.6641e+09 2.1194e+-09 2.2529e4-06 1.2977e+04 1.3498e+-06 6.1197e+05 1.2468e+4-07 1.7903e+-09
STD 7.6501e+-08 7.5462e+-08 6.3283e+06 9.4921e+03 1.4151e+4-06 2.5556e+-05 3.9794e+07 5.0769e+-08
F20 Ave 2.7580e+-03 1.8296e+-03 789.7615 1.1303e+-03 1.1504e+-03 1.0949e+-03 1.5422e+03 2.9724e+03
STD 405.6047 147.1946 296.7960 206.5977 221.3535 356.4621 453.4683 445.6113
F21 Ave 926.5924 895.0859 415.3762 547.0316 562.4932 426.4403 641.6914 853.9346
STD 49.1621 103.1074 33.4888 49.1373 84.9341 39.6424 69.0967 109.5580
F22 Ave 1.6370e+-04 7.7278e+-03 6.7012e+03 6.8337e+03 8.3060e+03 9.2480e+-03 8.0804e+03 7.9531e+03
STD 744.0607 955.3102 931.8424 893.7672 2.8914e+-03 4.8428e+-03 858.2767 704.6667
F23 Ave 1.7025e+4-03 1.6953e+-03 721.0690 1.2169e+-03 1.2558e+-03 675.0804 869.6087 1.6259e+4-03
STD 131.6014 94.8857 113.6030 170.0205 152.5121 51.3039 77.8164 130.6163
F24 Ave 1.8478e+03 1.8516e+-03 863.1938 1.2009e+-03 1.1697e+03 749.3175 808.9487 1.8663e+03
STD 129.6578 109.1144 123.8392 175.6401 191.7634 108.5309 46.1625 157.6832
F25 Ave 9.4063e+-03 1.0725e+-04 1.2044e+03 565.8681 617.5086 546.9053 2.8216e+03 8.6215e+03
STD 1.4732e+03 1.3260e+-03 302.1256 37.9801 32.5347 38.6364 1.9849¢e+4-03 1.0277e+03
F26 Ave 1.3185e+-04 8.2214e+-03 4.0309e+-03 6.2700e+03 1.5526e+-03 2.8205e+-03 5.7124e+03 1.1565e+-04
STD 803.1621 781.2141 606.4577 2.5218e+-03 2.7729e+-03 2.1051e+03 781.4916 490.6770
F27 Ave 3.2510e+03 3.6426e+03 1.0608e+03 1.3048e+03 1.3105e+-03 979.2142 864.6682 3.2704e+03
STD 563.7377 410.7277 86.5221 373.6430 269.1831 126.9422 86.7233 369.9304
F28 Ave 6.8585e+03 8.2021e+-03 1.6542e+03 534.2461 551.1416 1.3547e+4-03 5.4649e+03 7.1223e+-03
STD 817.0022 1.1044e+-03 518.4023 34.4643 44.6155 328.5891 994.9079 938.4836
F29 Ave 1.0699e+-04 1.4729e+-04 1.7212e+03 2.0465e+03 2.5500e+-03 1.8571e+03 2.5318e+03 1.5163e+-04
STD 4.8051e+-03 7.4566e+-03 367.5296 320.1930 472.7169 242.0193 519.1372 6.3270e+-03
F30 Ave 3.1732e+09 3.4218e+-09 9.3511e+07 8.2298e+05 7.0002e+-07 2.3591e+-07 9.4440e+07 2.6091e+09
STD 6.3872e4-08 1.1142e+-09 3.3320e4-07 1.4547e+05 2.4039e+4-07 5.0572e+06 3.4273e4-08 7.8233e+4-08
CPUtime 6.0808e+03 5.0692e+-03 5.0473e+03
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Table 7
Statistical decision based on Wilcoxon signed rank test at 5% level of significance in standard IEEE CEC 2017.
Function SCA OBSCA Function SCA OBSCA
p-value Decision p-value Decision p-value Decision p-value Decision
F1 0.4407 = 1.5997e—05 — F16 0.7557 = 0.2977 =
F2 0.8604 = 0.0040 . F17 0.5075 = 0.8817 =
F3 6.2200e—04 - 5.0907e—04 - F18 5.0907e—04 — 0.3942 =
F4 0.0565 = 3.0480e—04 - F19 0.2287 = 0.1478 =
F5 6.9166e—07 - 3.0480e—04 + F20 0.0962 = 6.7956e—08 +
F6 0.2085 = 0.1404 = F21 0.0207 — 0.1136 =
F7 1.4309e—07 - 5.1658e—06 - F22 6.7956e—08 - 0.2733 =
F8 0.0013 - 0.7557 = F23 0.0531 = 0.0256 -
F9 0.5075 = 0.0028 - F24 0.7150 = 0.8604 =
F10 6.7956e—08 - 0.0011 + F25 0.0720 = 2.0407e—05 —
F11 0.0016 — 2.7451e—04 — F26 2.9598e—07 — 6.7956e—08 +
F12 0.0047 + 0.0090 + F27 0.9461 = 0.0060 —
F13 0.2085 = 0.5979 = F28 0.3648 = 0.0043 —
F14 0.9246 = 0.2733 = F29 0.0060 + 0.6359 =
F15 0.4570 = 0.6554 = F30 0.0223 - 0.0193 -
+/=/- 2/17/11 5/13/12
7 constraints are Table 8
The optimization results of RFSCA and other algorithms for solving the welded
beam design problem.
81 (¥) =7(®) — Tmax <0, Algorithm  Optimal values for variables Optimal cost
& (X) =0 (X) — Oomax <0, h ! t b
RFSCA 0.212258 1.760352 9.415076 0.212258 1.6029
g3(X) =0 (X) — Omax <0, OBSCA 0230824 3.069152 8.988479 0208795 1722315
WOA 0.205396  3.484293 9.037426  0.206276 1.730499
g (X) =x1—x4<0 RO 0.203687 3.528467 9.004233 0.207241 1.735344
-7 MVO 0.205463  3.473193  9.044502  0.205695 1.72645
CPSO 0.202369  3.544214  9.04821 0.205723 1.72802
= — <
& (X) P—FPc (X) =0, GSA 0.182129  3.856979 10 0.202376 1.87995
_ GA(1991) 0.2489 6.173 8.1789 0.2533 243
86 (¥) = 0.125 — %, <0, HS 0.2442 6.2231 82915 0.24 23807
2 SIMPLEX 0.2792 5.6256 7.7512 0.2796 2.5307
g7 (x) = 1.1047x7 + 0.04811x3x4 (14.0 + x2) —5.0 < 0 DAVID 02434 6.2552 82915 02444 23841

APPROX 0.2444 6.2189 8.2915 0.2444 2.3815

Variables range are

0.1 <Xx1 < 2,

0.1 <x; <10, where the E is the Young’s modulus of the bar, G is the shear
0.1 <x3 <10, modulus of the bar, P is the loading condition, and L is the

0.1<x4=<2 overhang length of the beam.
where In this section, we apply RFSCA to solve the problem of struc-
tural design of welded beam, and compares the results with
2 X2 , other algorithms which include the Opposition-Based Sine Cosine
T =@+ R + @7 Algorithm (OBSCA) [2] (MA Elaziz et al. 2017), Coevolutionary
MR ” Particle Swarm Optimization (CPSO) [30] (Krohling & dos Santos
= P = T M=P (L + 5) , Coelho, 2006), Harmony Search (HS) [31] (Lee & Geem, 2005), Ge-
V2x1%; netic Algorithm (GA) [32] (Deb, 1991), Gravitational Search Algo-
rithm (GSA) [33] (Rashedi, Nezamabadi-Pour, & Saryazdi, 2009),
Xl +X3 Whale Optimization Algorithm (WOA) [34] (Mirjalili & Lewis,
2016b), Griffith and Stewart’s successive linear approximation
[ |: X1 +x3 :“ (APPROX) [35] (Ragsdell & Phillips, 1976) and simplex method
J= X1X2 ) , (SIMPLEX) [35] (Ragsdell & Phillips, 1976), Davidon-Fletcher-
Powell (DAVID) [35] (Ragsdell & Phillips, 1976), MVO [36] (Mir-
jalili et al. 2016) and Ray Optimization (RO) [37] (Kaveh & Khay-

GPL 6PL3 atazad, 2012). The comparison results are shown in Table 8.
oX)==—08(%)=——. From Table 8, it can be seen that RFSCA has the lowest optimal
X5X4 Ex3x4

cost and best performance among all algorithms.

) 4, 013,/“4 . x3 [E
) = 12 4G 4.7. Pressure vessel design problem

P = 6000 Ib, L = 14 in., max = 0.25 in, Fig. 12 shows the design of the pressure piping. There are
4 parameters in this design problem: Head thickness Ty, shell

E =30 x 10° psi, G = 12 x 10° psi, thickness T, pipe length L, pipe inner radius R.
Let X = [x1,X2,X3,%4] = [T, Ts, L, R], the mathematical

Tmax = 13,600 psi, omax = 30,000 psi description of the problem is as follows.
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Fig. 10. Euclidean distance of RF strategy (F1, F10, F15, F20, F25, F30).

The objective function is

minf () = 0.6224x1X3x4 + 1.7781x,x3 + 3.4661x%x4 + 19.84x2x3
4 constraints are

g1(x) = —x; — 0.0193x3 < 0,

2:(X) = —x3 + 0.00954x; < 0,
4
23(X) = —7X3x4 — gmé + 1,296, 000 < 0,

84(X) =x4—240 <0

Variables range are

0 <Xx; <99,
0 <Xx; <99,
10 < x3 < 200,
10 < x4 <200

The RFSCA is applied for solving this problem, which finds
the minimum value of f (x) under the constraints. We com-
pare it with thirteen optimization algorithms which are OB-
SCA [2] (MA Elaziz et al. 2017); CPSO [30] (Krohling & dos
Santos Coelho, 2006); GA [32] (Deb,1991) GA [38] (Coello,2002);
GSA [33] (Rashedi, Nezamabadi-Pour, & Saryazdi, 2009); WOA
(Mirjalili & Lewis, 2016b); MVO [36] (MA Elaziz et al. 2016);

17
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Table 9
The optimization results of RFSCA and other literature for pressure vessel design
problem.

Algorithm Optimal values for variables Optimal cost
Ts Th R L
RFSCA 0.06827 0.0625 56.58046 128.9269 4982.57106
OBSCA 1.2500 0.0625 59.1593 70.8437 5833.9892
WOA 0.812500 0.437500 42.0982699 176.638998 6059.7410
MVO 0.8125 0.4375 42.090738 176.73869 6060.8066
PSO-SCA 0.8125 0.4375 42.098446  176.6366 6059.71433
HPSO 0.8125 0.4375 42.0984 176.6366 6059.7143
ACO 0.812500 0.437500 42.098353 176.637751 6059.7258
ES 0.8125 0.4375 42.098087 176.640518 6059.74560
GA(2002) 0.81250 0.43750 42.097398 176.65405 6059.94634
CPSO 0.8125 0.4375 42.091266  176.7465 6061.0777
GA(1997) 0.9375 0.5000 48.3290 112.6790 6410.3811
Lagrangian  1.125 0.625 58.291 43.690 7198.200
Multiplier
Branch- 1.125 0.625 48.97 106.72 7982.5
bound
GSA 1.125 0.625 55.9886598 84.4542025 8538.8359

Fig. 11. Welded beam design.

N

Fig. 12. Pressure vessel design problem.

RO [37] (Kaveh & Khayatazad, 2012); ES [39] (MezuraMontes &
Coello,2008). PSO-SCA [40] (Liu, Cai, & Wang, 2010), HPSO [41];
(He & Wang, 2007b), ACO [42]; (Kaveh & Talatahari, 2010),
Lagrangian Multiplier [43]; (Kannan & Kramer, 1994), Branch-
bound [44]; (Sandgren, 1990). The comparison results are shown
in Table 9.

Table 9 shows that the result of RFSCA is better than OBSCA,
and the result of OBSCA outperform other algorithms, the results
of OBSCA and RFSCA outperform other algorithms.

5. Conclusion and future works

In this study, the Riesz fractional derivative is firstly intro-
duced into the swarm intelligence optimization algorithm, and
a sine cosine algorithm based on the Riesz fractional mutation
strategy is proposed. The proposed algorithm adopts random
function and QOL strategy to initialize the population, and in-
tegrates QOL strategy and OBL strategy to enhance the global

exploration ability of the algorithm. A new strategy with smooth-
ness and memory preservation is designed for the optimal so-
lution, so that the optimal solution has an independent update
formula, which is the biggest difference between RFSCA and
other algorithms, and it is also the root cause of RFSCA per-
forms well. The Riesz fractional order mutation strategy improves
the convergence speed of the algorithm. The global exploration
and local exploitation capability of the algorithm are effectively
coordinated. RFSCA adopts a greedy selection strategy, which the-
oretically ensuring that the RFSCA approaches the global optimal
solution by probability.

Sections 4.2 and 4.3 show the improvement of RFSCA by
the two strategies respectively. The experimental results show
that the RFSCA is superior to the classical SCA and OBSCA in
convergence accuracy and stability. And the RFSCA complexity
is similar to OBSCA, this shows that RFSCA has better perfor-
mance than similar algorithms. Compared with GWO, PSO, OPSO,
SSA, MFO, the RFSCA has better convergence ability. However,
the cons of RFSCA are also obvious — the exploration capabil-
ity still needs to be strengthened, such as the lack of RFSCA
performance in some test functions (mixed function F11-F20 in
Standard IEEE CEC 2017, F16-F20 in 23 benchmark functions).
In addition, the results of two constrained engineering problems
(Welded beam design, compression spring, and pressure vessel)
verify the effectiveness of RFSCA.

Future works include classifying populations and updating
them with different improve rules, and apply the proposed al-
gorithm to solve more practical optimization issues.
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