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In this paper, the nonlinear dynamic responses of the hydrostatic slide were investigated and the effects of damping and
external force to control the vibration system were discussed. *e dynamic model of the system was established, and the
tangential vibration equation taking into account nonlinear factors was derived. *e heteroclinic orbit parameter
equations of the vibration system were solved, and the Melnikov function of vibration system is derived. And the chaos
condition and judging criterion of the vibration system were obtained by Melnikov’s method. *e vibration equation of the
hydrostatic slide was solved using the numerical method. *e bifurcation diagram, phase diagram, wave diagram of
displacement, and Poincaré map were obtained, and the nonlinear dynamic responses were analyzed. Finally validation
experiments were conducted, and the results agree well with the results obtained by the Melnikov method and
numerical method.

1. Introduction

Hydrostatic slide is widely used in precision machines be-
cause of the characteristic of low motion error and high
stiffness [1, 2]. Figure 1 shows the structure of the hydro-
static slide. However, the dynamic characteristics of the
machine table is changed instantaneously and abruptly
during the high-speed start-stop, acceleration to constant-
speed conversion, and constant-speed to deceleration con-
version because of small friction coefficient and tangential
low damping of the hydrostatic slide. In addition, the system
is forced to vibrate under the cutting force, ground vibration,
residual vibration, and oil film nonlinear fluid fluctuation
force which lead to poor stability of the hydrostatic slide in
the tangential direction and will affect the positioning ac-
curacy and work effectiveness.

*e hydrostatic slide is impacted at the moment of start
and stop, so residual vibration is produced. *e main reason

of the vibration is that the hydrostatic slide has low damping
in the moving direction, the quality of moving parts is large,
and the rigidity of the transmission parts is small. Based on
the Lagrange equation, Chen et al. [3] established the
nonlinear dynamic model of the machine feed system and
studied the influence of damping on the system. Wang et al.
[4] established a nonlinear dynamic model of the machine
feed mechanism based on the lumped parameter method,
derived the self-excited condition of the system during low-
speed motion based on the description function method,
proposed the method and control strategy for suppressing
self-excitation during low-speed motion, and developed a
control scheme to improve the accuracy of low-speed
motion.Whalley et al. [5] modeled theX-axis drive system of
the milling machine using hybrid, distributed-lumped pa-
rameter methods, and the dynamics of the system was also
studied. Chen et al. [6] established the dynamic model of the
machine feed system with the hybrid element method and
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studied the dynamic characteristics of the system. Based on
the classical friction model, Bui et al. [7] built the nonlinear
friction model of the machine feed system under high-speed
motion, and the average contour error of the new friction
model was reduced by 26% comparing with the classical
friction model. For the vibration caused by external envi-
ronment, Law et al. [8] studied the suppression of machine
vibration by using electrohydraulic actuators. Yang et al. [9]
studied the vibration of the heavy-duty machine tool. Er and
Tan [10] studied the vibration of machine tools based on
experimental modal analysis methods and frequency re-
sponse functions. Zhang et al. [11] reviewed the vibration
characteristics of ultraprecision machine tools during pro-
cessing and the effect of vibration on surface formation. Otto
and Radons [12] studied the vibration and stability of an
intermittent turning machine with a circular blade by the
frequency domain method. In order to suppress the self-
excited vibration, forced vibration, rocking vibration, and
vibration caused by machine cutting, viscoelastic dampers
can be used to reduce the vibration of the machine tool and
typical dampers include magnetorheological dampers and
electrorheological dampers [13–20].

However, all of the above models were simplified by
replacing the distribution parameters with lumped param-
eters, replacing the time-varying parameters with quanti-
tative parameters and using the equivalent linear
characteristics instead of the nonlinear characteristics. And
there are few research reports on the tangential vibration of
the hydrostatic slide. In this paper, the influences of damping
and external force on the hydrostatic slide tangential vi-
bration were analyzed based on the nonlinear idea.

In this paper, we studied the dynamic behaviors of the
machine hydrostatic slide. In the next section, the mathe-
matical model of the machine hydrostatic slide is described
and the tangential single-freedom dynamic model equations
are derived. In Section 3, the necessary conditions for
chaotic motion of the hydrostatic slide are solved by Mel-
nikov’s method. Section 4 discusses the dynamic responses
of the vibration system with the effects of key system pa-
rameters such as damping and external force. Validation
experiments are conducted in Section 5. Finally, some
conclusions are drawn briefly in Section 6.

2. Theoretical Model

According to the structural properties of the hydrostatic
slide system, the system is divided into two parts. *e
guideway whose rigidity is very high is fixed on the base of
the machine. *e guideway and the base can be regarded as
the whole, which is the first part. *e slider is considered to

be the second part, which is separated from the guideway by
oil film. *e quality of the first part is much greater than the
other part, so the first part can be considered as the basis
when building a dynamic model. *is paper focuses on the
vibration of the slider in the tangential direction. Figure 2
shows the simplified dynamic model of the hydrostatic slide;
K is the stiffness, and C is the damping of the system.

According to the Lagrange equation, the nonlinear vi-
bration equation of the hydrostatic slide in the tangential
direction is obtained:

M €X + C _X + K X + εX3
􏼐 􏼑 � p cos(ωt), (1)

whereM is the mass of the hydrostatic slide; p cos (ωt) is total
exciting force; ω is the frequency of exciting force; ε is the
nonlinear coefficient, 0< ε≤ 1 [21]; X, _X, €X are the vibration
displacement, velocity, and acceleration, respectively.

Equation (1) is rewritten as
€X + μ _X + αX + βX

3
− F cos(ωt) � 0, (2)

where μ � (C/M), α � (K/M), β � (Kε/M), andF � (P/
M).

*e dimensionless equation of the system can be written
as

€x + c _x + X + X
3

� f cos(Ωt), (3)

wherex �
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β/α

􏽰
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3. Nonlinear Judgment Basis: Melnikov
Function Method

Introducing new variables _X � Y, F � ξF1, and μ � ξμ1,
then equation (2) can be transformed into the following
form [22–24]:

_X � Y,

_Y � − αX − βX3 + ξ − μ1Y + F1 cos(ωt)( 􏼁.

⎧⎨

⎩ (4)

Let ξ � 0, i.e., F � 0 and μ � 0, and the above equation is
an undisturbed Hamiltonian system equation, i.e.,

_X � Y,

_Y � − αX − βX3,

⎧⎨

⎩ (5)

setting
_X � Y � 0,

_Y � − αX − βX3 � 0.

⎧⎨

⎩ (6)

*ree fixed points were obtained: ( ±
���
α/β

􏽰
, 0) and (0, 0).

*e characteristic equation of equation (4) is
0 − λ 1

− α − 3βX2 0 − λ

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌
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� 0, (7)

i.e.,

λ2 + α + 3βX
2

� 0. (8)

So λ � ±
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3βX2 − α

􏽰
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Figure 1: Structure of a hydrostatic slide.
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*e Hamilton of equation (5) is H(X, Y) � (1/2)Y2 +

(1/2)αX2 + (1/4)βX4.
Heteroclinic orbits can be obtained by solving the fol-

lowing equation:

_X � Y,

H(X, Y) �
1
2
Y
2

+
1
2
αX

2
+
1
4
βX

4
�
α2

4β
.

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(9)

So the parametric equations are obtained:

Xi(t) � ±
��α
β

􏽲

th

��
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2
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(10)

Melnikov’s function is obtained as follows:

Mi t0( 􏼁 � 􏽚
+∞

− ∞
f q

0
i (t)􏼐 􏼑∧g q

0
i (t)􏼐 􏼑 t + t0( 􏼁dt, (11)

where g is an additional periodic driving function; f is the
nonlinear term function; q0 is the homoclinic (hetero-
clinic) trajectory expression; ∧ is the normal projection
operator, and the detailed operation is that a � (a1, a2) and
b � (b1, b2):

a∧ b � a1b2 − a2b1. (12)

*e Melnikov function under perturbation is obtained:
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According to the residue theorem, the analytical ex-
pression of I is
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Based on residue theorem,
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Figure 2: Simplified dynamic model of the hydrostatic slide.
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*e substitution of (19) into (18) yields
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Mi t0( 􏼁 �
4α
3β

��
2
β

􏽳

μ1 ± F1

��
2
β

􏽳

πω csch
πω
���
2α

√􏼠 􏼡cos ωt0( 􏼁, i � 1, 2.

(23)

According to the Melnikov theory, setting Mi(t0) � 0,
and then the following equation is obtained by using
(23):

F1

μ1
�
2
3
α2/3

β1/2
1
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���
2α

√
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. (24)

If F/μ>2/3(α2/3/β1/2)(1/(πω csch((πω)/
���
2α

√
)cos(ωt0))),

the hydrostatic slide may exhibit chaotic motion behavior in
the sense of the Smale horseshoe.

*e chaotic threshold of the hydrostatic slide system is
shown in Figure 4. *e hydrostatic slide system may exhibit
chaotic dynamic if C/P<ω.

4. Numerical Results and Discussion

Given parameter M� 35 kg, K� 1.0×108N/m, ε� 0.8, and
ω� 1 rad/s. It is known from the calculation results that as
long as P> 1.2728 × 103C, the system may exhibit chaotic
behavior of the Smale horseshoe sense.

*e Matlab/Simulink was used to solve the vibration
equation of the hydrostatic slide. Figure 5 shows the
Matlab simulated model of the system. *e Runge–Kutta
algorithm was used to calculate the equation. *e relative
tolerance is set to 10− 9. *e influences of damping and
external force on hydrostatic slide system tangential vi-
bration properties were analyzed by the numerical sim-
ulation method.

4.1. Influence of External Force on System Nonlinearity.
Let C� 0.2N·s/m and ωA� 1 rad/s, and external force in-
creased from 0N to 1000N. Figures 6–9 shows the bi-
furcation diagram, phase diagram, Poincaré map, and the
wave diagram of displacement, respectively, on the hydro-
static slide.

When P � 20N and P � 100N, the bifurcation dia-
grams and Poincaré diagrams revealed that the vibration

P
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RL1

L2

L3

L4

Figure 3: Choice of the roads.
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characteristics of the hydrostatic slide was period n; When
P � 260N, the vibration characteristics of the system was
chaotic; when P � 450N, the vibration characteristics of the
system was period n again; when P � 600N and P � 900N,
the system completely enters chaotic motion. Obviously the
Matlab/Simulink results were consistent with the result judged
by the Melnikov method. It is known from the displacement

waveform diagram that the oscillation period also changes as
the external force changing. As the external force increases
from 0 to 1000N, the vibration characteristic of hydrostatic
slide goes from the period n to the chaos to the period n and
finally to chaos completely. During the chaotic process, there
are windows with period n, and that was typical chaotic motion
characteristics.

ω
0 1 2 3 4

0

0.2

0.4

0.6

0.8

1
×10–3

C/
P

Chaotic motion

Periodic motion 

Figure 4: Chaos critical curve of the hydrostatic slide.

–K-
Zuni

Weiyi

Sudu

1
Gangdu

XY graph

Sine wave
function

Scope 2
Product

1/s
Integrator 1

1/s
Integrator1

Gain 2

1
Gain 1

Add

Figure 5: Simulated model of the system.
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4.2. Influence of Damping on System Nonlinearity. Let P �

9000N and ω� 1 rad/s, and damping increased from 0 to
300N·s/m. Figures 10–13 shows the bifurcation diagram,
phase diagram, Poincaré map, and the wave diagram of
displacement, respectively.

When C� 5N·s/m and C� 7N·s/m, the bifurcation di-
agrams and Poincaré diagrams reveal that the vibration
characteristics of the hydrostatic slide was chaotic, and it is
consistent with the Melnikov chaos criterion. When
C� 100N·s/m, the hydrostatic slide vibration characteristics
were chaotic and accompanied by period n windows. When
C� 150N·s/m, the chaotic characteristics begin to weaken
and exhibited stronger periodicity. When C� 220N·s/m and

C� 280N·s/m, the vibration characteristic of the hydrostatic
slide was doubling n, and the vibration was stable. It was
derived from the displacement waveform diagram that, as
the damping increases, the amplitude of the vibration
decreases.

4.3. Discussion on Vibration of Machine Hydrostatic Slide.
It was concluded from the above analyses that the damping
and external force can affect the dynamic responses of the
hydrostatic slide. *e system motion goes through a process
(period n⟶ chaos⟶ period n⟶ chaos) with the ex-
ternal force increasing from 0 to 1000N, and the amplitude
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Figure 7: Phase diagram. (a) P � 20, (b) P � 100, (c) P � 260, (d) P � 450, (e) P � 600, and (f) P � 900.
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increases. With the increasing damping, the system takes the
general form (chaos⟶ period n) and the amplitude de-
creases. In fact, the greater the external force and the smaller
the damping, the more likely the chaotic motion will occur
in the vibration system and that is consistent with the result
judged by the Melnikov method. *erefore, in order to

reduce the vibration of the machine hydrostatic slide, it is
necessary to increase the damp by external dampers
[13, 15, 25]. And the vibration characteristics of the hy-
drostatic slide can be altered by adjusting parameters to
make the system enter chaotic vibration or avoid chaotic
vibration.
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Figure 8: Poincaré map. (a) P � 20, (b) P � 100, (c) P � 260, (d) P � 450, (e) P � 600, and (f) P � 900.

Shock and Vibration 7



5. Experimental Verification

*e previous analytical results were verified on the hy-
drostatic slide test platform. *e slide was excited by using
a hammer, and the test adopted a single-point pick-up
multipoint excitation method. *e tangential vibration
displacement was measured by the Dytran accelerometer.
Figure 14 shows the time-domain waveform under case 2,
and Figure 15 shows the FFT (fast Fourier transformation)

spectrum under cases 1, 2, 3, and 4. *e case represents the
position of the hydrostatic slide, and cases 1, 2, 3, and 4
represent distance from the slide to the end of the guide is
0mm, 100mm, 200mm, and 300mm, respectively. It can
be concluded from the tangential time-domain waveform
that the slide tangential vibration was aperiodic. *ere is a
plurality of approximately overlapping peak positions on
the acceleration FFT spectrogram as the natural fre-
quencies. *e amplitude is not discrete nor is it a constant
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Figure 9: Wave diagram of displacement. (a) P � 20, (b) P � 100, (c) P � 260, (d) P � 450, (e) P � 600, and (f) P � 900.

8 Shock and Vibration



0 50 100 150 200 250 300
–0.1

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

C (Ns/m)

X 
(µ

m
)

Figure 10: Bifurcation diagram with C as parameter.

–2 –1 0 1 2
–2

–1

0

1

2

X (µm)

V 
(µ

m
/s

) 

(a)

–2 –1 0 1 2
–2

–1

0

1

2

X (µm)

V 
(µ

m
/s

) 

(b)

–2 –1 0 1 2
–2

–1

0

1

2

X (µm)

V 
(µ

m
/s

)

(c)

–2 –1 0 1 2
–2

–1

0

1

2

X (µm)

V 
(µ

m
/s

)

(d)

Figure 11: Continued.
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spectrum, but a continuum with spikes. Judging from
these characteristics, the vibration of the hydrostatic slide
was neither linear nor random, but nonlinear, which is
consistent with the spectral characteristics of the chaotic
motion. So the experimental results agree with the results
obtained by the Melnikov method and numerical
simulation.

6. Conclusions

*e nonlinear dynamic responses of the vibration system with
the effects of key parameters such as damping and external
force were investigated using a single-freedom dynamic
model. *e chaos condition and judging criterion of the vi-
bration system were obtained by Melnikov’s method.

0 100 200
–2

–1

0

1

2

t (s)

X 
(µ

m
)

(a)

0 100 200
–2

–1

0

1

2

t (s)

X 
(µ

m
)

(b)

0 50 100 150 200
–1.5

–1

–0.5

0

0.5

1

1.5

t (s)

X 
(µ

m
)

(c)

0 100 200
–1.5

–1

–0.5

0

0.5

1

1.5

t (s)

X 
(µ

m
)

(d)

0 50 150100 200
–1

–0.5

0

0.5

1

t (s)

X 
(µ

m
)

(e)

0 50 100 150 200
–0.8

–0.6

–0.4

–0.2

0

0.2

0.4

0.6

0.8

t (s)

X 
(µ

m
)

(f )

Figure 13: Wave diagram of displacement. (a) C� 5, (b) C� 7, (c) C� 150, (d) C� 200, (e) C� 220, and (f) C� 280.
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(1) *e Melnikov method was an effective analytical
method to calculate the chaos threshold of dy-
namic systems, and the chaotic critical condition
of the hydrostatic slide system was given by the
method

(2) *eoretical and experimental results showed that
the vibration of hydrostatic slide system was
nonlinear and the system exhibited various types
of motion including periodic n and chaotic
motions

(3) *e chaotic motion of the Matlab/Simulink exper-
iment was of more digital characteristics

Overall, the researches in this paper can not only
understand the dynamic response of the machine hy-
drostatic slide system but also provide some reference to
suppress vibration, design, and optimize the vibration
system.
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