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In this paper, we introduce a vortex class of a partially coherent source of Schell type with an electromagnetic
Gaussian Schell-model vortex (EGSMV) beam, which is the product of the partially coherent EGSM beam passing
through a spiral phase modulator. The analytical expressions for the degree of polarization (DoP) and orientation
angle of polarization (OAoP) of the EGSMV beam propagating through atmospheric turbulence are derived. The
expressions are used to analyze the influence of topological charge, wavelength, and atmospheric turbulence on
the DoP and OAoP of the EGSMV beam, and we come to some new conclusions. The larger the topological charge
is, the bigger the dark spot in the center of the partially coherent EGSMV beam, the more dispersed the DoP
distribution, and the wider the OAoP distribution are; therefore, there is more information received by the
detector when the partially coherent EGSMV beam propagates in atmospheric turbulence. The longer the wave-
length is, the smaller the near-surface refractive index structure constant and the larger the inner scale are and the
more concentrated the DoP distribution is, but the influence of the outer scale is negligible. The number of petals,
which is the shape of the OAoP distribution, is equal to just twice the topological charge. These results provide a
theoretical basis for better control of coherent detection in optical communication when the partially coherent
EGSMV beam propagating through atmospheric turbulence is used as the local oscillator in a wireless optical
communication system. © 2019 Optical Society of America

https://doi.org/10.1364/AO.58.006486

1. INTRODUCTION

The state of polarization of the electromagnetic field is one of
the most fundamental properties that describe the vector char-
acteristics of the field and has attracted much attention because
of its important potential applications in polarization control,
free-space optical communications, particle trapping, target
detection and recognition, etc., [1–3]. In the earlier period of
the 1990s, Wu et al. pointed out that partially coherent beams
are more resistant to turbulence than their fully coherent coun-
terparts [4,5], and based on the unified theory of coherence
and polarization [6–8], the polarization properties of partially
coherent beams in random media have become a research hot-
spot. Eyyuboglu et al. used the coherent and polarization matrix
to analyze the variation of degree of polarization (DoP) of a
partially coherent beam with the propagation distance under
different light source parameters [9]. Lin and Zheng et al. in-
vestigate the degree of coherence, the degree of polarization, the
mean-squared beam width, and the degree of cross polarization

of the partially coherent radially polarized beam in atmospheric
turbulence [10,11]. Basso et al. suggest a method to access the
second-order and Stokes parameters of a partially coherent and
partially polarized Gaussian model optical field from an inten-
sity interferometry experiment [12].

Furthermore, it is well known that a vortex beam with a
spiral phase, described by a phase factor exp�−ilθ� with a topo-
logical charge l and azimuthal angle θ, carry an orbital angular
momentum (OAM) equivalent to lℏ per photon [13], and the
propagation properties of various types of scalar and electro-
magnetic vortex beams in atmospheric turbulence are an im-
portant area of study [14–18]. Ou et al. used the extended
Huygens–Fresnel principle to derive the expressions of average
intensity and DoP of the elliptically polarized vortex beam [16]
in atmospheric turbulence. Luo et al. analyzed the degree of
cross polarization of a stochastic electromagnetic vortex beam
[17] and suggested a method to access the measurement of the
OAM of the vector vortex beam, which is that the number of
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bright ring dislocations is equal to the topological charge of
the vortex beam. Li et al. presented the effects of media on
intensity, phase, and polarization of a vector Bessel vortex beam
[18] through multilayered isotropic media. In addition to this,
there are some types of vector vortex beams, such as higher-order
radially polarized Laguerre–Gaussian beams [19], superposed
vector Laguerre–Gaussian beams [20–22], radially polarized
multi-cosine Gaussian correlated Schell-model beams [23,24],
vector-vortex Bessel–Gauss beams [25], elliptical vortex beams
[26], four-petal elliptic Gaussian vortex beams [27,28], and
so on.

Combining the advantages of partially coherent beams and
the special properties of vortex beams, in this study, we intro-
duce a vortex class of partially coherent sources of Schell type
with electromagnetic Gaussian Schell-model vortex (EGSMV)
beam, which is the product of the partially coherent EGSM
beam passing through a spiral phase modulator. Since the
polarization control in wireless optical communication systems
is an indispensable module, if the polarization states of the sig-
nal light and the local oscillator are inconsistent, it will directly
affect the receiving sensitivity of the entire system. Therefore,
we use the unified theory of coherence and polarization to
derive the expressions for the DoP and orientation angle of
polarization (OAoP) and analyze the influence of source param-
eters and atmospheric turbulence on the polarization properties
of partially coherent EGSMV beams.

2. THEORETICAL FORMULATION

A. Propagation Properties
Based on the unified theory of coherence and polarization [7], a
beam is generated by a source located in the z � 0 plane (the
source plane) and propagates close to the positive z axis into the
half-space z > 0. The cross-spectral density matrix (CSDM)
can be given by [6]

W
↔
�ρ1, ρ2; z� ≡W ij�ρ1, ρ2; z�

�
"
W xx�ρ1, ρ2; z� W xy�ρ1, ρ2; z�
W yx�ρ1, ρ2; z� W yy�ρ1, ρ2; z�

#
, (1)

where W ij�ρ1, ρ2; z� � hEi�ρ1; z�E�
j �ρ2; z�i and (i, j � x, y).

Ei and Ej are, respectively, the components of the random op-
tical field in the x and y directions, and the asterisk represents
the complex conjugate. ρ1 � �ρ1,φ1� and ρ2 � �ρ2,φ2� de-
note a pair of points with arbitrary transverse position vectors in
the receiver plane at z > 0, and 〈〉 denotes the ensemble
average.

The spatial coherence correlation statistical properties of a
partially coherent beam at a pair of points with arbitrary trans-
verse position vectors r1 � �r1, θ1� and r2 � �r2, θ2� in the
source plane can be characterized by the CSDM. The
CSDMof the EGSM beam at the source plane can be expressed
in cylindrical coordinates as [29]

W ij�r1, r2; 0� � AiAj exp

�
−

�
r21

4w2
0i
� r22

4w2
0j

��
μij�r1 − r2�,

(2)
where Ai and Aj are the amplitudes of the EGSM beam in the x
and y directions. w0i and w0j are the beam radii of the Gaussian

beam at the waist in the x and y directions; μij�r1 − r2� is the
spectral degree of coherence at points r1 and r2 in the source
plane and takes the following form:

μij�r1 − r2� � Bij exp

�
−
jr1 − r2j2

2δ2ij

�
, (3)

where δij is the coherence length of the source, and δij � δji.
The parameters relating to spatial variation should meet the
following set of conditions [30]:

Bij � 1 i � j; jBijj ≤ 1 i ≠ j; Bij � B�
ji, (4a)

maxfδii, δjjg ≤ δij ≤ minfδii∕jBijj0.5, δjj∕jBijj0.5g: (4b)

If the partially coherent EGSM beam passes through a spiral
phase modulator with modulation transfer function exp�−ilθ�,
where l is the azimuth index (also called the topological charge)
and θ is the azimuth angle in cylindrical coordinates, the par-
tially coherent EGSMV beam will carry a spiral phase, and its
CSDM can be expressed as

W ij�r1, r2;0� �AiAjBij exp

�
−

�
r21

4w2
0i
� r22
4w2

0j

��

× exp
�
−
jr1 − r2j2
2δ2ij

�
exp�−il�θ1 − θ2��: (5)

Equation (5) is obtained by modulating the phase of the par-
tially coherent EGSM beam without affecting the degree of co-
herence of the partially coherent EGSMV beam. Therefore, the
expression of the degree of coherence of the partially coherent
EGSMV beam is still Eq. (3).

According to the extended Huygens–Fresnel principle [31],
when the partially coherent EGSMV beam propagates from
the source plane (z � 0) to the receiver plane (z > 0) in
atmospheric turbulence, the elements of the CSDM can be
expressed by

W ij�ρ1, ρ2; z� � AiAjBij

�
k

2πz

�
2
ZZ

exp

�
−

�
r21

4w2
0i
� r22

4w2
0j

��

× exp
�
−
jr1 − r2j2

2δ2ij

�
exp�−il�θ1 − θ2��

× exp
�
−
ik
2z

�jρ1 − r1j2 − jρ2 − r2j2�
�

× hexp�ψ�ρ1, r1� � ψ��ρ2, r2��idr1dr2, (6)

where k is the optical wave number related to the wavelength λ
by k � 2π∕λ. ψ�ρ, r� stands for the random part of the com-
plex phase of a spherical wave due to the atmospheric turbu-
lence from the point �r, 0� to (ρ, z). The angular brackets
denote averaging over the ensemble of turbulent media, which
can be expressed as [31]

hexp�ψ�ρ1, r1� � ψ��ρ2, r2��i � exp

�
−
1

2
Dψ �ρ1 − ρ2, r1 − r2�

�
,

(7)

where Dψ �ρ1 − ρ2, r1 − r2� is the wave structure function
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Dψ �ρ1 − ρ2, r1 − r2�

� 8π2k2z
Z

1

0

Z
∞

0

κφn�κ� × f1 − J0�κj�1 − ξ��ρ1 − ρ2�

� ξ�r1 − r2�j�gdκdξ, (8)

where J0�κ� is the first type of zero-order Bessel function and
can be approximated by the first two terms. We studied the
inference of the atmospheric turbulence on the polarization
properties of partially coherent EGSMV beams propagating
along through the horizontal path; Eq. (8) can simplified to

Dψ �ρ1 − ρ2, r1 − r2� �
�
1

3
π2k2z

Z
∞

0

κ3φn�κ�dκ
�
�r1 − r2�2

� M �r1 − r2�2, (9)

where ϕn�κ� is the atmospheric turbulence refractive index
spectral density function, and we analyzed the influence of the
inner and outer scales on the polarization properties through
the use of the modified von Karman spectrum model, i.e.,

ϕn�κ� � 0.033C0 exp�−κ2∕κ2m��κ2 � κ20�−11∕6, (10)

where κm � 5.92∕l 0, κ0 � 2π∕L0, and l0 and L0 represent the
inner scale and outer scale, respectively. C0 is the near-surface
refractive-index structure constant of turbulent atmosphere.
Substituting Eqs. (7) and (9) into Eq. (6), we obtain the fol-
lowing expression:

Wij�ρc , ρd ; z� � AiAjBij

�
k

2πz

�
2

exp

�
−
ik
z
ρc · ρd

�

×
ZZ

exp

�
−

�
1

α2ij
r2c �

1

βij
rcrd �

1

4α2ij
r2d

��

× exp
�
−
r2d
2δ2ij

�
exp�−ilθd � exp

�
−
M
2
r2d

�

× exp
�
−ik
z

�rc · rd − ρc · rd − ρd · rc�
�
drcdrd ,

(11)

where�
rc � 1

2
�r1 � r2�

rd � r1 − r2
,

�
ρc � 1

2
�ρ1 � ρ2�

ρd � ρ1 − ρ2
, (12a)

1

α2ij
� 1

4w2
0i
� 1

4w2
0j
,

1

βij
� 1

4w2
0i
−

1

4w2
0j
: (12b)

The variables rc and rd are sequentially integrated with the help
of the following expansion formulas and integral formulas:

Z �∞

−∞
�e−ax2 �e−i2πwxxdx ·

Z �∞

−∞
�e−ay2 �e−i2πwyydy � π

a
· e−

π2w2
a ,

(13)

exp�−ilθd � � �rdx − i sgn�l�rdy �jl j, (14)

�rdx − i sgn�l�rdy �jl j �
Xjl j
s�0

� jl j
s

�
r�jl j−s�dx �−i sgn�l�rdy�s

�
Xjl j
s�0

� jl j
s

�
�−i sgn�l��sr�jl j−s�dx rsdy, (15)

Z
∞

−∞
xn exp�−px2 � 2qx�dx

� �2i�−n
ffiffiffi
π

p� ffiffiffi
p

p 	
n�1

exp

�
q2

p

�
Hn

�
i
�

qffiffiffi
p

p
��

, (16)

where sgn(·) is a symbolic function, and Hn�·� denotes the
Hermite polynomial of mode order n. We obtain the following
expression for the CSDM of a partially coherent EGSMV beam
at a pair of points with arbitrary transverse position vectors
ρ1 � �ρ1,φ1�) and ρ2 � �ρ2,φ2� in the receiver plane:

Wij�ρc , ρd ; z� �
AiAjBij

Δij
exp�Hijρ2d � F 2

ijρ2c − Vijρc · ρd �

×
Xjl j
s�0

∇sHs�i�Fijρcy − Gijρdy��

×H�jl j−s��i�Fijρcx − Gijρdx��, (17)

where

Cij �
1

βij
� ik

z
, D � ik

z
, Eij �

1

4α2ij
� 1

2δ2ij
�M

2
−
α2ijC2

ij

4
,

(18a)

1

Δij
� k2α2ij�2i�−jl j

4z2E �jl j�2�∕2
ij

, ∇s �
� jl j

s

�
�−i sgn�l��s, (18b)

F ij �
ik

2z
ffiffiffiffiffiffi
Eij

p , Gij �
α2ijC ijD

4
ffiffiffiffiffiffi
Eij

p , (18c)

Hij �
α2ijD2

4
� G2

ij, V ij �
ik
z

�
1� α2ijC ijD

4Eij

�
: (18d)

Now let ρ1 � ρ2 � ρ, ρc � ρ, ρd � 0, then the CSDM of
the partially coherent EGSMV beam at a point with arbitrary
transverse position vectors ρ � �ρ,φ� in the receiver plane can
be obtained:

Wij�ρ, ρ; z� �
AiAjBij

Δij
exp�F 2

ijρ2�

×
Xjl j
s�0

∇sH s �iF ijρy�H �jl j−s��iF ijρx �: (19)

B. Degree of Polarization
By using the generalized Stokes parameters [32], the DoP of the
partially coherent EGSMV beam propagating through atmos-
pheric turbulence can be expressed as
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P�ρ; z� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S21 � S22 � S23

p
S0

, (20)

where S0, S1, S2, and S3 are the Stokes parameters for the ran-
dom beam and can be expressed by the elements of the CSDM:

S0 � W xx�ρ, ρ; z� �W yy�ρ, ρ; z�,
S1 � W xx�ρ, ρ; z� −W yy�ρ, ρ; z�,
S2 � W xy�ρ, ρ; z� �W yx�ρ, ρ; z�,
S3 � i�W yx�ρ, ρ; z� −W xy�ρ, ρ; z��: (21)

C. Orientation Angle of Polarization
The OAoP θ0 (ρ; z) is for the smallest angle that the major axis
of the polarization ellipse makes in the x direction. Therefore,
the x-, y-coordinate system is rotated in the counterclockwise
sense with respect to the positive z direction, and the formula of
the OAoP can be expressed as [8]

θ0�ρ; z� �
1

2
arctan

�
2Re�W xy�ρ, ρ; z��

W xx�ρ, ρ; z� −W yy�ρ, ρ; z�



, (22)

with −π∕2 ≤ θ0 ≤ π∕2.

3. NUMERICAL RESULTS AND ANALYSIS

Using Eqs. (19)–(21) and Eq. (22), the DoP and OAoP
of a partially coherent EGSMV beam propagating through tur-
bulent atmosphere can be calculated by simulation, which is
shown as follows.

Numerical calculations are performed to illustrate the influ-
ence of source parameters and atmospheric turbulence on the
DoPs and OAoPs of partially coherent EGSMV beams; some
typical results are complied in Figs. 1–6. In the following
numerical calculations, the calculation parameters are Bij�
0.5 exp�iπ∕4�, λ � 632.8 nm, δxx � 0.02 m, δyy � 0.01 m,
δxy � δyx � 0.025 m, w0x � 0.01 m, w0y � 0.02 m, Ax �
Ay � 1, l � 1, C0 � 1.7 × 10−14 m−2∕3, and z � 1 km,
unless other values are specified in the figure captions.

Figure 1 presents the intensity distributions and DoP
profiles of partially coherent EGSMV beams with different
topological charges l � 0, l � 1, l � 2, l � 3, l � 5 in
atmospheric turbulence. It is well known that the larger the
topological charge is, the larger the dark spot in the center
of the partially coherent EGSMV beam is, i.e., the change
in intensity distribution of a partially coherent EGSMV beam
is consistent with that of a general vortex beam. When the
topological charge is l � 0, the partially coherent EGSMV
beam reduces to the partially coherent EGSM beam, and
its DoP increases as the off-axis distance increases and eventu-
ally approaches 1, as shown in Fig. 1(a). This result is con-
sistent with the conclusions obtained in reference [33]. In
Figs. 1(b)–1(d), we can see that when topological charges
are l � 1, 2, 3, the DoPs of partially coherent EGSMV beams
first decrease and then increase and eventually approach a cer-
tain value with the increase in off-axis distance. The DoP of the
partially coherent EGSMV beam with the topological charge
l � 5 first increases to 1 with the increase in off-axis distance,
then decreases to 0, and finally increases but does not approach
1, as shown in Fig. 1(e). Comparing Figs. 1(a)–1(e), it can be

found that the larger the topological charge is, the smaller the
certain value that the DoP eventually approaches with increases
in off-axis distance, and the more dispersed the DoP distribu-
tion of the partially coherent EGSMV beam propagating
through atmospheric turbulence is. This result occurs because
the larger the topological charge is, the greater the influence of
the vortex beam on atmospheric turbulence is [34], and the
more dispersed the DoP distribution is.

Figures 2 and 3 give the evolution of DoP profiles of
partially coherent EGSMV beams with topological charge
l � 1 propagating in atmospheric turbulence for different
wavelengths and near-surface refractive index structure con-
stants. Figures 2 and 3 show that the longer the wavelength
and the smaller the near-surface refractive index structure con-
stant are, the more concentrated the DoP distribution of the
partially coherent EGSMV beam propagating in atmospheric
turbulence is. However, no matter how the wavelength and
the near-surface refractive index structure constant change,
the DoP of the partially coherent EGSMV beam first decreases
and then increases with the increase in off-axis distance, and
eventually approaches a certain value. This certain value de-
creases with the increase in the wavelength, but it is always 1
regardless of how the near-surface refractive index structure
constant changes. In addition, it is found that the longer the
wavelength and the smaller the near-surface refractive index
structure constant are, the larger the on-axis DoP of the
partially coherent EGSMV beam propagating in atmospheric
turbulence is. This result occurs because the smaller the near-
surface refractive index structure constant is, the weaker the
atmospheric turbulence is and the less the influence of atmos-
pheric turbulence on the partially coherent EGSMV beam is.

Figure 4 gives the evolution of DoP profiles of the partially
coherent EGSMV beam with topological charge l � 1 propa-
gating through atmospheric turbulence for different inner and
outer scales. For the same outer scale, the larger the inner scale
is, the more concentrated the DoP distribution and the larger
the on-axis DoP of the partially coherent EGSMV beam propa-
gating in atmospheric turbulence are. In the case of different
outer scales, the DoP profiles are very close. It can be seen that
the outer scale is negligible for analyzing the influence of atmos-
pheric turbulence on the polarization properties of partially
coherent EGSMV beams. This result is similar to that of
the Gaussian beam. The main physical reason for this result
is that the smaller the inner scale is, the smaller the turbulent
vortices on the cross section of the beam are and the more se-
vere the diffraction of the beam is. Therefore, the beam is more
randomly distributed in space and time, and the DoP distribu-
tion is more dispersed. In addition, no matter how the inner
and outer scales change, the DoP of the partially coherent
EGSMV beam first decreases and then increases with the
increase in off-axis distance, and eventually approaches 1.

Figure 5 gives the variation of DoP distributions and on-axis
point DoPs of partially coherent EGSMV beams propagating
in atmospheric turbulence with the propagation distance under
different topological charges of l � 0, 1, 2, 3, 4, 5. It can be
seen in Figs. 5(a)–5(f ) that the DoP tends toward a constant
value with the increase in propagation distance, and as the
topological charge increases, this constant value decreases first
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Fig. 1. DoP profiles and intensity distributions of partially coherent EGSMV beams with different topological charges in atmospheric turbulence:
(a) l � 0; (b) l � 1; (c) l � 2; (d) l � 3; (e) l � 5.
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and then increases. When the topological charge is 0 (i.e., the
partially coherent EGSMV beam reduces to the partially
coherent EGSM beam), with the increase in propagation dis-
tance, the on-axis point DoP gradually increases to a constant

value. When the topological charge is greater than 0 (i.e., the
partially coherent EGSMV beam carries vortex information),
the on-axis point DoP eventually shows a decreasing trend
as propagation distance increases. With the combined
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Fig. 3. Evolution of DoP profiles of partially coherent EGSMV beams with topological charge l � 1 in atmospheric turbulence for different near-
surface refractive index structure constants.
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Figs. 5(g) and 5(f ), we can see that the larger the topological
charge is, the larger the initial DoP of the partially coherent
EGSMV beam is. As propagation distance increases, the oscil-
lation of the DoP becomes more and more severe, but the larger
the topological charge is, the propagation distance correspond-
ing to the DoP reaching a constant value also increases. This
also shows that the larger the topological charge, the more the
information that can be received by the detector when the
partially coherent EGSMV beam propagates in atmospheric
turbulence.

Figure 6 gives the intensity and OAoP distributions of
partially coherent EGSMV beams with topological charges of
l � 0, l � 1, l � 2, l � 3, l � 5, l � 10 propagating in
atmospheric turbulence. Figures 6(a1)–6(f1) present the inten-
sity distributions of partially coherent EGSMV beams for
different topological charges. As shown in Figs. 6(a1)–6(f1),
with the increase in the number of the topological charge,
the dark spot of the intensity distribution of the partially co-
herent electromagnetic vortex beam increases gradually. This
feature was well established in previous studies. As can also
be seen in Figs. 6(a2)–6(f2), the larger the topological charge
is, the wider the OAoP distribution of the partially coherent
EGSMV beam is. When the topological charge is 0 (i.e.,
the partially coherent EGSMV beam reduces to the partially
coherent EGSM beam), the OAoP distribution of the partially
coherent EGSMV beam is Gaussian-like distribution. When
the topological charge is greater than 0 (i.e., the partially coher-
ent EGSMV beam carries vortex information), the OAoP dis-
tribution of the partially coherent EGSMV beam is in the shape
of a petal. We can also find in Figs. 6(a2)–6(f2) that the num-
ber of petals is related to the topological charge, which is equal
to twice the topological charge of the partially coherent
EGSMV beam. Therefore, we can measure the topological
charge l according to the OAoP distribution of the partially
coherent EGSMV beam.

4. CONCLUSION

In conclusion, the polarization properties of partially coherent
EGSMV beams have been studied. We analyzed the influence
of factors such as topological charge, wavelength, propagation
distance, near-surface refractive index structure constant, and
inner and outer scales on the polarization properties of partially
coherent EGSMV beams. Based on numerical simulation, we
can draw new conclusions: (1) the larger the topological charge
is, the larger the dark spot in the center of the partially coherent
EGSMV beam, the more dispersed the DoP distribution, and
the wider the OAoP distribution are; (2) the longer the wave-
length and the smaller the near-surface refractive index struc-
ture constant are, the more concentrated the DoP distribution
is; (3) the larger the inner scale is, the more concentrated the
DoP distribution is, but the outer scale is negligible for analyz-
ing the influence of atmospheric turbulence on the polarization
properties of partially coherent EGSMV beams; (4) the number
of petals, which is the shape of the OAoP distribution, is equal
to just twice the topological charge of the partially coherent
EGSMV beam. These results provide a theoretical basis for
better control of coherent detection in optical communication
when the partially coherent EGSMV beam propagating

through atmospheric turbulence is used as the local oscillator
in the wireless optical communication system.
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