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Abstract: In this paper, the analytical expressions for the degree of polarization (DoP) of the electromagnetic Gaussian
Schell-model (GSM) beam propagating along a slant path in atmospheric turbulence are obtained. The expressions are used
to analyze factors such as the waist radius, amplitude ratio, wavelength, and refractive-index structure constant of the
polarization properties of the GSM beam, and we come to some new conclusions. The main results that when the
components of the waist radius are equal (o, = 7,), there is a waist radius within 2 cm < 6, < 4 cm that can provide the
most concentrated DoP distribution, and the axis point DoP will eventually approach the initial value as the transmission
distance increases, implying that it exhibits self-recovering characteristics. In addition, compared to a horizontal path, the
DoP distribution of the GSM beam propagating along a slant path is more concentrated, and the propagation distance
corresponding to the maximum axis point DoP is longer. Therefore, when the GSM beam propagates along a slant path, the
detector can receive information at longer distances. The research results provide a theoretical support for the control of the

polarization state of local beam in coherent optical communication systems.

Keywords: Coherent optical communication systems; Polarization control; Atmospheric turbulence
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1. Introduction

Polarization is an important property of laser beams and
has been extensively studied because of its several
important applications in remote sensing, polarization
control, and target detection and recognition [1-3]. When
laser beams propagate in atmospheric turbulence, the
refractive-index random fluctuation affects the polarization
properties [4-6]. The study of the polarization properties of
laser beams propagating in atmospheric turbulence is thus
of great significance.

At present, the theoretical study of polarization proper-
ties is based on the cross-spectral density matrix (CSDM)
[7-12]. Wolf et al. proposed a unified theory of coherence
and polarization, which is of great significance for studying
the polarization properties, and derived the expression for
the degree of polarization (DoP) and direction of

*Corresponding author, E-mail: jiaolun216@163.com

polarization of a beam propagating in atmospheric turbu-
lence [5, 13—15]; other related studies have discovered that
this change is closely related to the light source parameters
and turbulence intensity [16]. Zhao et al. obtained a suit-
able condition for a Gaussian Schell-model (GSM) beam to
maintain the state of polarization (SoP). Specifically, the
GSM beam maintains the SoP while propagating when
three spectral correlation widths (Jy,, d,,, and d,,) are equal
and the beam parameters o, = g, [17]; an experimental
study on the modulation of the Stokes parameters confirms
this conclusion [18]. Zhao et al. investigated the evolution
and modulation in the spectral DoP of a stochastic elec-
tromagnetic GSM beam in atmospheric turbulence [19-21].
Cai found that the M>-factor of a stochastic electromagnetic
GSM beam is primarily related to its initial DoP [22]. Zhang
et al. focused on the polarization properties of GSM beams
propagating through the anisotropic non-Kolmogorov tur-
bulence of a marine atmosphere [23, 24].

In recent years, several researchers have studied two
aspects of polarization properties. One is the change in the

© 2018 TACS
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polarization properties of various beams [25-28], and the
other is the change in the polarization properties of a beam
propagating along different paths [10-13, 25-29]. Because
of the different turbulence mechanisms in the slant path
and horizontal path, the polarization properties of the beam
are different. Using the unified theory of coherence and
polarization, this paper presents the derivation of the
expressions for the DoP and compares the difference in
polarization properties of a GSM beam propagating
through horizontal and slant paths in atmospheric turbu-
lence. Our study is important for controlling the polariza-
tion of laser beams in a coherent optical communication
system.

2. Theory

Based on the unified theory of coherence and polarization
[13], a beam is generated by a source located in the z = 0
plane (the source plane) and propagates close to the posi-
tive z-axis into the half-space z > 0, as shown in Fig. 1.
The CSDM is given by [5]

H J—
W(p1.pyiz) = sz/'(l’hpzﬂ)
W15 P23 2)

ny(pl,pg;z)} (1)
Wyx(plaPZ;Z) ’

Wy (1, P2 2)

where Wii(p1, P23 2) = <Ei(p1§Z)Ej*(p2§Z)> and
(i,j = x,y). E; and E; are respectively the components of
the random optical field in the x- and y-directions, and the
asterisk represents the complex conjugate. p; and p, denote
two points in the receiver plane at z > 0, and <-> denotes
the ensemble average.

When p; = p, = p, by using the generalized Stokes
parameters [30], the DoP of the received beam is expressed
as

/82 + 82+ 52
1 2 3 (2)

P(p;z) = S

where Sy, S, S», and S5 are the Stokes parameters for the
random beam and can be expressed by the elements of the
CSDM:

Fig. 1 Beam propagating in X
atmospheric turbulence

/ plane

¢ 7 s ae™S |
~<fr:;f\€;a3: .

So = Wu(p, p;2) + Wyy(p, p;2) S1 = Wee(p, p; 2) — Wyy(p, p; 2)
Sy = Wy(p,p;2) + Wie(p,p;2) S3 = i[Win(p, p;z) — Wiy(p. p;2)]

(3)

In the source plane z = 0, the elements of the CSDM of the
GSM source can be expressed by [31, 32]

2 2 2
(7B ] e l=rd
(w*%ﬂ“% z%)’
(4)

where r; and r, denote two points in the transverse source
plane at z = 0. A; and A; are the amplitudes of the GSM
beam in the x- and y-directions, respectively, and ¢; and g;
are the waist radii in the x- and y-directions, respectively.
0; is the coherence length of the GSM beam, and J;; = 6.
Bj; satisfies the following conditions [6]:

Wii(ri,r2;0) = A;A;Bj; exp

Bj=1 wheni=j; |B;|<1 wheni#j; B;=B8Bj,

(5)
According to the extended Huygens—Fresnel principle [28],
when the GSM beam propagates from the source plane

(z = 0) to the receiver plane (z = L), the elements of the
CSDM is expressed by

k\2
Wl“ ; N :AZAB, — dr dr
i(p1,P2;2) j ,<2nL> / 1/ p
rnoon ri—
xexpl— 4—0%—1-@ exp ——253

ik
X exp [—Z (\P1 —r1|2—\l’z —"2|2)}

x (exp[Y/(py,r1) + ¥ (pa,m2)]),
(6)

where L is the propagation distance and k is the optical
wave number related to the wavelength / by k = 2n/4.
(p, r) represents the random part of the complex phase of a
spherical wave propagating in a turbulent atmosphere from
the point (r, 0) to (p, L), and <exp[y (p1, 1) + ¥ (p2,
r,)]> is written as
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— rp) represents the wave structure

(explY (p1,7) + ¥ (2 72)]) = exp| =3 Dy )

where Dy (p; —
function [33]:

P2, It

Dy(py — pa,11 —12) = 81 *k* secy

/ / kba ({1 = Jo[|(1 = E)py —ps)  (8)
+&(ry — rp)|k] pdrdé,

where Jy(x) is the Bessel function of the first kind and
zeroth order, n is the zenith angle, x is the scale of
turbulence, and ¢,, (k, h) is the spectrum of the refractive-
index fluctuations. However, Jy(x) is approximated by the
first two terms in the power series expansion [34],
Jox) =1 — x*/4, thus, Eq. (8) can be simplified as

1 00
Dl//(pl — P27 _rZ) = 27T2k2 560’7/ / KS(bn(Kah)
0 Jo

x {[(1= &1 = p2)*+2(1 = OE(py — po) (11— 72)
+E(ry - r2)’| ardg,
9)

Command parameters M;, M,, M5 are respectively

represented as

M, = 21°k? secnfo1 I qﬁn ) (1 — &) 3 didé
M, = 4n’k? secnfo Jo7 b, h) (1 — &)Erdidé .
My = 272k secnfo 1o (e, )52 13didé

(10)
then, Eq. (9) is simplified as

Dy (p; = Mi(p; — p2)*+Ma(p; — ps)
~(r1—r2)+M3(r1—r2)2, (]1)

_p27r1_r2)

The slant path includes the uplink and downlink paths.
When the beam propagates along the uplink path,
E=1— (h — hg)/(H — hg), where H is the height of the
receiver and hg is the height of the optics source. In the
condition of the downlink path, & = (h — ho)/(H — hy),
where H is the height of the optics source and h is the
height of the receiver. If the beam propagates along the
horizontal  path, Eq. (10) dictates that M3 =
2/31%k*z [ 12§, (1, h = 0)dk and M; = M, = 0. In this
study, we focused on the uplink path and horizontal path.
We analyzed the inner- and outer-scale effects through the
use of the modified von Karman spectrum model [33]:

exp(—x? /12,
a1, h) = 0.033C2(h) M W)

where x,, = 5.92/ly, kg &~ 2n/Ly, and [y and L, represent
the inner scale and outer scale, respectively. C>(h) is the
refractive-index structure constant. The ITU-R model is
described as [33]

h
2 56,2 710
h) = 8.14 1 h +2.7
C:(h) = 8.148 x 10 vzps exp< 10

h h
1010 ).
10 exP( 1500) Coe p( 100)
(13)

where Vrms = (vf, +30.69v, + 348.91)'"/? is the wind
speed along the vertical path, v, is the ground wind speed,
and Cy is the nominal value of the ground level (typically
1.7 x 107" m™%3).

Substituting Eqgs. (11) and (7) into Eq. (6) and using
p1 = p> = p, the expressions for the CSDM of the beam in
the receiver plane z > 0 is obtained by

Wi(p, p;2) = AAB( )/ /drd

1, 1 1 2
X exp | — Zrc+ﬁr°rd+42
ij ij

(14)
where —1/2(71+rz) ra=r1—ry /% 1/(407) +
1/ (4012) and /B2 =1/(4a?) — 1/ (40 The variables

r. and ‘r; are sequentlally integrated; namely, Eq. (14)
reduces to

. A,A,BU p2
Wl:/'(papvz) :A—-ziexp AZOC2>, (15)
Y y y
2i 1 1 4 1
Al=1-"z7+ —+M; | = ——|7, (16)
1 1 1
= . 17
o 4 207 (17)

From Egs. (3) and (15), the Stokes parameters of the beam
in the receiver plane z > 0 is expressed by
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From Egs. (2) and (17), the axis point DoP in the receiver
plane z > 0 is given by

2 4
A2 A 242 Ay
\/ (55 1) vl S i
P(p=0;z) =

A2 Aﬁ}.
ax 1

; (19)

where A, x/A, y = I,/], is the ratio of the intensity in the
source plane. As can be seen from Eq. (19), the axis point
DoP of the beam in the receiver plane is related to A, x/A,
y and is not directly related to the single A, and A,

3. Results and discussion

According to Eqs. (2), (18), and (19), we will analyze the
influence of the waist radius, amplitude ratio, wavelength,
and refractive-index structure constant on the polarization
properties of the beam in the receiver plane. In the fol-
lowing  numerical  calculations, B; = 0.5exp(in/4),
A =1.06 pm, J,, =0.02 m, §,, =0.01 m, o, =0, =0.01
m, AJA, =1, Oyy = Oy = 0.025 m, C2
n=17x10"m?, z=10km, and ¢ =m/3. The
coherent length is satisfied by [35]

max{&m 5yy} <oy < min{(sxx/’Bxy’O-S’ 5yy/|3xy’0'5}.
(20)

3.1. Influence of waist radius

Figure 2 presents the DoP distribution of the receiver beam
when the waist radius of the source beam is different in the
x- and y-directions, and Fig. 4 shows the variation in the
axis point DoP of the receiver beam with propagation
distance.

Figure 2(a)—(c) presents the DoP distribution of the
GSM beam propagating along slant and horizontal paths
when z = 10 km. It can be seen that the DoP distribution of
the GSM beam propagating along the slant path is more
concentrated than that along the horizontal path. Because
of the difference in the turbulence term M; between the
slant and horizontal paths, in Eq. (10), the turbulence term
M3 of the slant path is smaller than that of the horizontal

path. In addition, the DoP of the GSM beam propagating
along the slant path is close to 1 when the off-axis distance
is relatively small. Comparing Fig. 2(a), (b), and (c), when
o, = 0y, the DoP distribution first concentrates and then
diffuses with the increase in waist radius. There is a waist
radius within 2 cm < g, < 4 cm that can provide the most
concentrated DoP distribution. That is, this waist radius
makes the DoP of the receiver beam close to a constant
value of 1 when the off-axis distance is the smallest. In
order to more effectively prove this phenomenon, we cal-
culate the off-axial distance corresponding to the DoP
equal to 1, as shown in Fig. 3. Therefore, these conclusions
can be more effectively obtained using Fig. 3. In addition,
the DoP distribution is more concentrated when o, < 7,,
whereas it is more diffuse when o, > 0.

For different o, and oy, the changes in the axis point
DoP of the GSM beam propagating along a slant path and
horizontal path with propagation distance are shown in
Fig. 4. The results indicate that the propagation distance
corresponding to the maximum axis point DoP of the GSM
beam propagating along a slant path is longer than that
along a horizontal path. The propagation distance corre-
sponding to the maximum axis point DoP will increase
with the waist radius. Comparing Fig. 4(a), (b), and (c), it
can be seen that when o, = 7,, the axis point DoP tends
toward the initial value after propagating over a long dis-
tance, implying that it exhibits self-recovery characteristics
as the propagation distance increases. By contrast, when
o, # 0y, the axis point DoP tends toward a constant value
that differs from the initial value. This is because the waist
radius of the source beam is different in the x- and y-
directions, and the influences of turbulence are different.

3.2. Influence of amplitude ratio

Figure 5 presents the DoP distribution of the receiver beam
when the amplitude ratio is different in the x- and y-di-
rections, and Fig. 6 shows the variation in the axis point
DoP of the receiver beam with propagation distance.

Figure 5(a)—(c) presents the DoP distributions of a GSM
beam propagating along a slant path and horizontal path,
where A,/A, take different values. The DoP distribution is
similar to the result in Fig. 2, where the DoP distribution of
the GSM beam propagating along a slant path is more
concentrated than that along a horizontal path. Comparing
Fig. 5(a), (b), and (c), it can be seen that the range of
change of the DoP distribution is small when A /A, <1,
and that of the DoP distribution is relatively large when A,/
A, > 1. However, the DoP distribution is more concen-
trated as the amplitude ratio decreases. Specifically, the
smaller the amplitude ratio, the more quickly the DoP
reaches 1 when the smaller the off-axis distance.
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Fig. 2 DoP distributions P(p; (@)
z) for different waist radii o, and 1.0+
0y, (a) 05 = 0y; (b) 0x < 0y
(¢) ox > g, 0.8+
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20.6; =
: % slant horizontal =
& 0.4 - -= o~o=lem = 0.4 slant horizontal
- e o'x=cry=3cm A - - 20x=0'y=2cm
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0.0 T T T T .0 T T T - :
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off-axis distance p /m off-axis distance p /m
1.0 (€)
0.8{
~ .
20.6-
~
2
a 0.4
o~ =20,=2cm
y
0.21 —~--e-0,=20,=4cm
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. . . . 2.86 when A,/A, < 1; however, the reverse is the case when A,/
1.00+ -=-Horizontal L2.84 Ay > 1.
E ~+Slant [2.82 o
= =)
3‘ 0.954 / -2.80 E 3.3. Influence of wavelength
= F2.78 @
E 0904 = . U .
Z -2.76 2 Figure 7 presents the DoP distribution of the receiver beam
2 0.85 // [2.74 2 when the wavelength is different, and Fig. 8 shows the
;7:‘ \g\ . ~ (272 o variation in the axis point DoP of the receiver beam with
S 0.80 2 r2.70 8 propagation distance.
T T T T 2.68 i istributi
0.00 0.02 0.04 0.06 0.08 It can be concluded from Fig. 7 that the DoP distribution

waist radius o/m

Fig. 3 Off-axial distance p corresponding to the DoP equal to 1 when
0y =0,

Figure 6(a)—(c) shows the change in the DoP of a GSM
beam propagating along a slant path and horizontal path
with propagation distance, where A,/A, take different
values. The conclusion is similar to the result in Fig. 4. The
propagation distance corresponding to the maximum axis
point DoP of the GSM beam propagating along a slant path
is longer than that propagating along a horizontal path.
Comparing Fig. 6(a), (b), and (c), the range of change of
the axis point DoP is maximum with the increase in
propagation distance when A,/A, = 1. The axis point DoP
will increase in z = 0 with the decrease in amplitude ratio

of the GSM beam propagating along a slant path is more
concentrated than that along a horizontal path under the
condition of the same wavelength. And, the longer the
wavelength, the more concentrated the DoP distribution of
the receiver beam. It can be seen from Fig. 8 that under the
condition of the same wavelength, compared to a hori-
zontal path, the detector can receive the information from a
farther distance when the GSM beam propagates along a
slant path. In addition, the longer the wavelength, the larger
the range of change of the axis point DoP.

3.4. Influence of refractive-index structure constant

Figure 9 presents the DoP distribution of the receiver beam
when the refractive-index structure constant is different,
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Fig. 4 Axis point DoP P(0; z)
with the change in propagation
distance z for different waist
radii o, and oy, (a) 0, = gy}
(b) 0, < 0y; (¢) 0, > 0,

Fig. 5 DoP distributions P(p;
2) for different amplitude ratios
AA,, (a) AJA, = 1; (b) A/
Ay >1; () AJA, < 1
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Fig. 6 Axis point DoP P(0; z) 1.0 - 1.0
with the change in propagation (a) slant horizontal (b)
distance z for different 0.9 - - Ax/Afl 0.9
amplitude ratios A,/A,, (a) A,/
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Fig. 7 DoP distribution P(p; z) for different wavelengths 4

and Fig. 10 shows the variation in the axis point DoP of the
receiver beam with propagation.

In Fig. 9, the DoP distribution of the GSM beam prop-
agating along a slant path is more concentrated than that
along a horizontal path. And, the smaller the refractive-
index structure constant, the more concentrated the DoP
distribution of the receiver beam. It can be seen from
Fig. 10 that under the condition of the same C,, the
propagation distance corresponding to the maximum axis
point DoP of the GSM propagating along the slant path is
longer than that along the horizontal path. Compared to the

propagation distance z/m

Fig. 8 Axis point DoP P(0; z) with the change in propagation
distance z for different wavelengths 1

horizontal path, the detector can receive information at
farther distances when the GSM beam propagates along a
slant path. In addition, the smaller the refractive-index
structure constant, the larger the range of change of the axis
point DoP.

In a coherent optical communication system, the
inconsistency of the polarization states of the signal light
and the local oscillator directly affects the reception sen-
sitivity of the entire system, and the advantages of the
coherent optical communication system are weakened.
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- Cp=17x10M m??

G310 m??

00 05 1.0 15 20 25 3.0
off-axis distance p /m

Fig. 9 DoP distribution P(p; z) for different refractive-index structure
constants Cy

1.0

slant horizontal

propagation distance z/m

Fig. 10 Axis point DoP P(0; z) with the change in propagation
distance z for different refractive-index structure constants C,

With reference to Figs. 4, 6, 8, and 10, it can be seen that
the axis point DoP of the beam propagating over a long
distance tends to be constant in the atmospheric turbulence,
that is, in a coherent optical system, when the communi-
cation distance reaches a certain value, the polarization
characteristics of the beam are not affected by the atmo-
spheric turbulence, and the polarization states of the signal
light and the local oscillator light can be easily controlled
to be consistent.

4. Conclusion

In this study, we analyzed the influence of the light source
parameters and atmospheric turbulence on the polarization
properties of a partially coherent GSM beam when prop-
agating along a slant path and horizontal path. When
o, = 0y, there is a waist radius within 2 cm < 6, <4 cm
that can provide the most concentrated DoP distribution,
and the axis point DoP will eventually approach the initial
value, implying that it exhibits self-recovery characteristics

as the propagation distance increases. Under the conditions
of the same light source parameter, the DoP distribution of
the GSM beam propagating along the slant path is more
concentrated than that along the horizontal path. When the
GSM beam propagates along the slant path, the propaga-
tion distance corresponding to the maximum axis point
DoP is larger; therefore, the detector can receive infor-
mation at farther distances. Our study can be used as a
reference for the selection of light sources and passing
information when the GSM beam propagates in atmo-
spheric turbulence. At the same time, it provides an
important reference value for the polarization control of
atmospheric optical communication systems. Considering
the conclusions obtained in this paper regarding the change
of the polarization state of a light beam with the propa-
gation distance, future research on coherent optical com-
munication systems should be directed toward
understanding how to control the polarization state of local
light.
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