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LF Groundwave Propagation Modeling Over
Irregular Terrain by the Hybrid Two-Way
Parabolic Equation Method

Dan-Dan Wang, Xiao-Li Xi

Abstract—The traditional two-way (2W) parabolic equation
(PE) (2W-PE) method has been applied for modeling groundwave
propagation over irregular terrain. However, based on a staircase
terrain model (STM), the method is not sufficient in sloping facets
modeling. Although more accurate one-way PE method based
on conformal mapping model (CMM) is available, it handles
only forward-propagating waves and neglects the backward-
propagating waves, which become significant especially for steep
terrain. In this paper, a hybrid 2W-PE method is presented
to model the low-frequency (LF) groundwave propagation over
irregular terrain. The method combines the STM and CMM
to improve the prediction accuracy of both forward and back-
ward propagations. The numerical results are compared with
those of the conventional 2W-PE and finite-difference time-
domain (FDTD) methods. While calibrated against the FDTD
method, the proposed hybrid 2W-PE method has higher accuracy
than the traditional 2W-PE method at the same computational
cost.

Index Terms— Conformal mapping model (CMM), irregular
terrain, low-frequency (LF) groundwave propagation, staircase
terrain model (STM), two-way parabolic equation (2W-PE)
method.

I. INTRODUCTION

OW-FREQUENCY (LF) radio waves have long been
used for ground-based positioning, navigation, and tim-
ing (PNT) in many countries. In use on the ground, distur-
bances resulted from topographic irregularities and changes
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in conductivity cause significant errors [1]. Over the years,
three approaches for predicting the terrain effects on the
amplitude and phase of the LF groundwave have evolved:
i.e., the finite-difference time-domain (FDTD) [2]-[5], inte-
gral equation (IE) [6], [7], and parabolic equation (PE)
[8]-[12] methods. The FDTD method provides an accu-
rate full-wave solution for irregular propagation paths, but
it suffers from huge computational expenses for large-scale
problems. The IE and PE methods belong to the efficient
one-way propagation model, which, by nature, handles only
forward-propagating waves and, hence, omits the backward-
propagating waves. This may cause errors, especially in the
case when strong backward-propagating waves occur during
propagation over irregular terrain. Hence, there is a need for a
two-way (2W) propagation model that considers both forward-
and backward-propagating waves for large-scale scattering
problems.

The 2W PE (2W-PE) method was first proposed by Collins
and Evans [13] for acoustic backscattering problems. Later on,
much of pioneer works have been done to extend the
2W-PE method in the areas including acoustic backscatter-
ing problems [14], [15] and multiple knife-edges’ scatter-
ing problems [16], [17]. Recently, a 2W split-step (SS) PE
(2W-SSPE) method has been proposed for modeling multi-
path reflection effects over a staircase-approximated terrain
in troposphere [18] and then tested and calibrated against
analytical solutions and other numerical methods [19]-[21].
In [22] and [23], a 2W finite-element (FEM) PE (2W-FEMPE)
method was developed for groundwave propagation modeling
in the UHF band. The main advantage of the 2W-FEMPE
method over the 2W-SSPE method is the easiness in handling
arbitrary boundary conditions (BCs). However, the 2W-SSPE
method has been used in most long-range propagation prob-
lems due to its efficiency and robustness. In [24], the SS
algorithm-based 2W-PE method was applied for the calcula-
tion of propagation loss in urban environments. Most recently,
Ahdab and Akleman [25] proposed a 3-D 2W-PE method for
radio wave propagation analysis [25], but the method is only
applicable to perfectly electrical conducting surfaces.

The existing 2W-PE methods are based on the staircase
terrain model (STM) with limitations for hills or valleys since
the BCs on sloping facets are approximated. On the other
hand, the conformal mapping model (CMM)-based PE method
is more accurate for modeling sloping facets, but it cannot
capture the backward-propagating waves from obstacles.
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In this paper, we present a hybrid 2W-PE method for the
modeling of LF groundwave propagation in the presence of
irregular terrain, which combines the STM and CMM to
improve the accuracy of both forward and backward propa-
gation predictions. The initial reflected field by the obstacles
is first calculated using the STM and then applied to the
forward—-backward CMM procedure to propagate the field
on the sloping facets properly. The use of the SS Fourier
algorithm in the implementation of the hybrid method ensures
an efficient calculation. The accuracy and efficiency of the
hybrid 2W-PE method are demonstrated by representative
numerical examples. For the sake of completeness, both the
amplitude and phase results of LF groundwave are considered.

II. TRADITIONAL 2W-PE MODEL
A. 2W-PE Formulation

Derivations of the forward and backward PEs from the
Helmbholtz equation have been previously published in [8]
and [18] and will not be repeated here. Under eI time
dependence, assuming the field components being independent
of azimuth (¢), the forward and backward PEs are given by [8]
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where p and z are the cylindrical coordinates corresponding
to the range and height, respectively, ko is the wave number
in free space, n is the refractive index, and u s and u; denote
the forward and backward auxiliary fields, respectively. The
relation between the auxiliary fields and the field components
can be expressed as follows:

up(p,2) = Vkop e P04 (p, 2) 3)
up(p, 2) = Vkop €0 ®y(p, 2) (4)

where @y and @, represent the forward and backward fields
(magnetic (electric) field for vertical (horizontal) polarization),
respectively.

The numerical solutions of both forward and backward PEs
can be obtained by the efficient SS Fourier algorithm proposed
in [9]
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where 3 and J~! denote the discrete mixed Fourier trans-
form (DMFT) [9] pair, and the transform variable p is defined
by kosin8, where 6 is the propagation angle and Ap is the
range step. The basic idea of the DMFT is to match the PE
algorithm to the impedance BC [8], [9]. It is seen from (5)
and (6) that u s and u, can be calculated through the same
marching procedure.
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B. Initial Field

The 2W-PE method represents an initial-value problem.
The initial forward field is solved by the flat-earth for-
mula (FEF) [12], [26]. The FEF provides the analytical solu-
tion for the calculation of the electromagnetic field of a vertical
electric dipole with the electric moment /d! at the height d
over the earth. For brevity, only the magnetic field in the air
is listed here [26]
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and k; is the wave number of the earth. We always have
ki]? >> k(z). Then, the initial forward field @y at p = po
can be calculated using (7).

Suppose that the initial forward field is marched out in the
forward direction until reaching a vertical terrain facet located
at p = p,. The partially reflected forward field by the vertical
terrain facet generates the initial backward field, which can be
calculated by imposing the BC on the facet

z> T(pe)
T(pe — Ap) <z < T(pe)
Y

where T(p) is the terrain height and R is the reflection
coefficient on the terrain facet.

up(pe, z2) = {Ruf(p 2)eikope

C. Implementation of the 2W-PE Algorithm

The implementation of the traditional 2W-PE algorithm will
be briefly described here, but the reader is referred to [18]
and [21] for a more detailed illustration of the algorithm.
The main idea of the algorithm is as follows [18]-[21]: when
the propagating field hits an uphill obstacle, the vertical field
is split into forward and backward components by imposing
appropriate BCs. On the vertical terrain facet, the forward
component is simply eliminated; the backward field is initiated
from the forward field and then propagated reversely. After
passing the obstacle, the downhill fields propagate in the usual
manner. Multiple reflections are treated iteratively in the same
way. This method is accurate if the terrain has a staircasing
shape [8], which is rarely the case. For sloping terrains such as
hills or valleys, errors occur due to the staircase approximation
of the facets [21].
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Fig. 1. Sketch of the hybrid 2W-PE model. (a) Simulation model.

(b) Forward-propagating waves (left) and backward-propagating waves (right).
(e denotes nonzero fields, @ represents the field truncated according to the
vertical terrain facet, O represents the zero fields to remain the DMFT grid,
and = denotes the initial backward field generated from terrain reflections.)

III. HYBRID 2W-PE MODEL
A. Scenario of the Hybrid 2W-PE Model

Fig. 1 shows the sketch of the proposed hybrid 2W-PE
method for irregular terrain modeling based on a combination
of STM and CMM. The simulation space is divided into
two regions: a combined STM-CMM region (uphill) and a
pure CMM (downhill/flat) region. In the combined region,
two sets of field representations based on STM and CMM
coexist, the STM is employed to solve the reflected initial
field at the vertical terrain facets in the usual manner, while
the CMM is used to properly march out and back the field
on the sloping facets. In addition, the field at the boundary of
the pure CMM region serves as the input for the STM of the
combined region. The initial reflected field is first solved by the
STM, then coupled into the CMM. Following this approach,
higher accuracy is obtained both before and after the obstacles.

The hybrid algorithm can also be extended for the esti-
mation of the multiple reflections following the procedure
described in [18]-[22]. Each time when the wave strikes
at a vertical terrain facet, it is split into a forward and a
backward component. The total field @ at each range step
is achieved by the superposition of the forward and backward
fields. Note that the wave in the region between the obstacles
bounces recursively from each other. The iteratively marching
algorithm is repeated until a certain threshold criterion is
achieved (i.e., |®" — ®"~1||/||®"~ || < &, where ||-|| denotes
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the Euclidian norm, ®" and ®"~! are the total fields at the
n™ and (n — 1)™ steps, respectively, and ¢ is the threshold).

B. 2W-PE Formulation Based on CMM
Using the terrain flattening transformation [10], we define
the new range and height variables by

xX=p
¢=z—-T(p).

The forward and backward auxiliary fields u s and u,,, respec-
tively, are transformed into the shifted coordinate system as

up(p,z) = ¥r(y,0)e'"r00) (13)
up(p, 2) = Wp(y, )e! 00 (14)

12)

where ¥ ¢(x, ) and 95 (x, ) are yet to be determined. Sub-
stituting (13) into (1), and (14) into (2), we have

oW (x, ko | 1 0°
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where m? = n?(y,¢ + T (x)) —2cT"(x), T"(x) represents
the second derivative with respect to y. In the limit 7”7 (y) = 0
(flat surface), (15) and (16) reduced to the forward and
backward PEs in (1) and (2). ¥7(y,¢) and Up(yx,() are
derived as

k X
D500 = Ko T () + 2 /0 [T/ (s)ds

In the shifted coordinate system, following the SS Fourier
algorithm in [9] and [10], we have:

a7)
(18)
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Similarly, it is observed from (19) and (20) that ¥ s and ¥}, can
be calculated by iteration processes once the initial forward
and backward fields are determined. Transforming ¥, and
¥, back to the (p,z) coordinate system, the forward and
backward fields are calculated using (3) and (4).

IV. NUMERICAL RESULTS

In this section, we present two representative numerical
examples to demonstrate the accuracy and efficiency of the
hybrid 2W-PE method with the narrow-angle version. For
each example, a 100 kHz vertical electric dipole is placed
at the coordinate origin with a radiation power of 1 kW. The
electric parameters of the ground are taken as ¢ = 13 and
¢ = 3 x 1073 S/m [3]. The height function of a Gaussian-
shaped mountain is given by

T(p) = Hexp{—9[(p — pc)/11*} Q1)



WANG et al.: LF GROUNDWAVE PROPAGATION MODELING OVER IRREGULAR TERRAIN

35 T T T : T
FDTD
30 R TP 2W-F.’E |
= S Hybrid 2W-PE
< 25+
=
m
T 201
T ; :.v"’-"""--*-o-----...........
15 1
%
10 1 1 1 1 1
20 30 40 50 60 70 80
Range(km)
(a)
al FDTD .5\ 1.8 P ]
...... o Q\W-PE 17 Q
5 L RN Hybrid 2W-PE 1.6 [

t, (1s)

O ~
20 30 40 50 60 70 80
Range(km)
(b)

Fig. 2. Comparison of the (a) magnetic field strength and (b) secondary time
delay of the hybrid 2W-PE algorithm with those of STM-based 2W-PE and
FDTD methods over a steep mountain path on the ground.

where H is the mountain height, p. is the distance from
the transmitter to the center of the mountain, and / is the
parameter controlling the real mountain width L and L =~
1.251 [4], [5]. As no exact analytical solution is available for
such an irregular terrain, the numerical FDTD method with
fine mesh can be taken as a reference solution. The gird sizes
for the FDTD method are defined as Ap = Az = 10 m.
Its time step At is 16.667 ns according to the Courant stability
limit. For the PE methods, the range and height increments are
Ap =200 m and Az = 50 m, respectively.

In LF groundwave applications, two key parameters are of
interests: the field strength @ and the secondary time delay
tw [3]-16]. We evaluate both for all methods considered herein,
and their definitions are repeated below.

The field strength for a vertical dipole regarding the radiated
power P; is expressed as [6]

1 /P

O(B) = @ x —,/ —

ko V 40

for both the time-domain and frequency-domain methods,

where @ on the right side of (22) represents the steady-state
field component.

The secondary time delay for a time-domain method is given
by [3]

(22)

p

c

to = 1 (23)

where ¢ is the arrival time of the signal, and p/c represents the
time delay in free-space. The secondary time delay indicates
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Fig. 3. Differences in the (a) magnetic field strength and (b) secondary

time delay computed by the STM-based 2W-PE and hybrid 2W-PE methods
calibrated against the FDTD method in the front of the mountain.

the excess time delay over free-space. For a frequency-domain
method, the secondary time delay is calculated through the
phase of groundwave attenuation factor [6]. The attenuation
factor W is defined by

W = ®/dg (24)

where @ represents the field strength in the presence of actual
path and @ represents the free space field strength. The phase
of W is directly related to the secondary time delay [6]

ty = argW/w (25)

where o is the angular frequency of the source in rad/s.

The first example involves wave propagation over a steep
mountain to illustrate the accuracy of the hybrid 2W-PE
method. Here, a 100 km-long propagation path is used, with
a 3.125 km-long, 1.5 km-high Gaussian-shaped mountain
centered at a distance of 50 km from the transmitter. Fig. 2
compares the magnetic field strength H, and the secondary
time delay #,, results with those of the traditional 2W-PE and
the FDTD methods on the ground. As shown in Fig. 2, using
the 2W-PE algorithms, strong interferences of the forward and
backward waves in both the amplitude and phase are captured.
Also, the interferences decrease with increasing distance to
the mountain. We take a closer look at the accuracies of the
two 2W-PE methods. For better visualization, we plot the
differences, between each PE and FDTD, of H, and t, in
Fig. 3. The difference is defined by |¢ — ¢prqwa|, Where ¢
represents the numerical results calculated by the PE methods,
and ¢rqig 1s the reference solution using FDTD. It is noted
that the hybrid 2W-PE method gives higher amplitude and
phase accuracy than the traditional 2W-PE method before the
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Fig. 4. Comparison of the (a) magnetic field strength and (b) secondary time
delay as a function of range over a two-mountain path on the ground.

mountain region. After the mountain region, the amplitude
results of the hybrid 2W-PE and the FDTD methods are very
close but differ from the traditional 2W-PE method due to the
staircase approximation. The phase errors of the two 2W-PE
methods are on the same level referring to the FDTD result.

In the second example, we further test a 150 km-long
propagation path with two separate mountains to show the
efficiency of the hybrid algorithm. The first mountain has a
Gaussian shape, located 50 km away from the transmitter,
with a width of 3.125 km and a height of 1.5 km. The
second triangle-shaped mountain with a width of 10 km and
a height of 3.5 km is 20 km away from the first mountain.
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TABLE I

COMPUTATIONAL COST COMPARISON OF THE FDTD,
2W-PE, AND HYBRID 2W-PE METHODS

Method Time(s) Memory(MB)
FDTD-CUDA 2280.000 658.00

2W-PE 66.441 34.93
Hybrid 2W-PE 73.925 38.57

The threshold ¢ is 0.025 [21]. Fig. 4 shows the comparison
of the hybrid 2W-PE, the traditional 2W-PE, and the FDTD
results on the ground. It is seen that the hybrid 2W-PE method
significantly improves the accuracy of the traditional 2W-PE
method, especially in the amplitude.

In this paper, the FDTD program is parallelly imple-
mented on the graphics processing unit (GPU) (Nvidia
GeForce GTX960) with 1024 cores. Specifically for the sec-
ond example, the FDTD domain has 15300 x 1000 cells,
35000 time steps. The 2W-PE domain is defined by
751 x 2048 cells. Table I lists the computational time and
memory comparison of the three methods. As shown here,
the two 2W-PE methods have the same level of computational
cost. Note that the FDTD method is taken as a reference
solution for the accuracy investigation of the PE methods. The
single-frequency nature of the problem we study here does not
demonstrate the advantages of the FDTD as a time-domain
method.

V. CONCLUSION

In this paper, a hybrid 2W-PE method has been presented
to predict LF groundwave propagation in the presence of
irregular terrain. Tests and comparisons were done system-
atically against the conventional 2W-PE method. The FDTD
results were taken as references for calibration purpose. The
numerical results showed that the hybrid algorithm achieves
higher accuracy than the traditional one with little extra
computational cost.

Furthermore, note that the hybrid 2W-PE method has an
intrinsic limitation associated with its narrow-angle version.
Usually, this limitation does not prevent the method to give
accurate results for most of the long-range groundwave prop-
agation problems. Future research concerning multiple reflec-
tions and diffractions at large propagation angles because of
steep terrain necessitates an extension of the presented method
to a wide-angle version. Nevertheless, we found that none of
the existing CMM-based PEs have a wide-angle capability.
Particularly, the performance of the narrow-angle CMM-based
PE method is almost not affected by the terrain slope, whereas
for its wide-angle version, the wide-angle capability deteri-
orates dramatically as the terrain slope increases. Detailed
analysis of the narrow-angle and wide-angle CMM-based PE
methods, however, is beyond the scope of this paper and will
be presented in future publications.
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