ISA Transactions 88 (2019) 23-36

Contents lists available at ScienceDirect

ISA Transactions e

journal homepage: www.elsevier.com/locate/isatrans

Research article

Adaptive backstepping-based tracking control design for nonlinear R
active suspension system with parameter uncertainties and safety s
constraints

Hui Pang**, Xu Zhang*?, Zeren Xu"

2 School of Mechanical and Precision Instrument Engineering, Xi'an University of Technology, Xi'an, 710048, China
b International Center for Automotive Research (ICAR), Clemson University, Greenville, SC 29607, USA

HIGHLIGHTS
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upper bounds are estimable.
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1. Introduction then deteriorates vehicle handling stability and maneuverability.
Therefore, it is necessary to manage the tradeoff between ride
Active suspension system is an effective way to isolate, absorb comfort and safety performance constraints for active suspension

or dissipate the vibration energies transferred from the road sur- system.
face disturbance to vehicle body, which can adjust itself and im- Recently, a number of researchers have paid significant atten-
prove riding comfort and handling stability by ensuring the safety tion to the challenging issue of hqw to proposea r.easonable.control
performance constraints of vehicle suspension system. When de- ~ Method to guarantee ride quality while providing handling sta-
signing an active suspension system, it should satisfy such suspen-  Pility as much as possible. Subsequently, many control strategies
sion performance requirements as (1) ride comfort, i.e., the min-  Were proposed and reported in literatures [4-10] therein. Among

imization of vehicle body acceleration should be guaranteed, (2) Egefiicnoﬁgg{fg?gaezﬁigf n;f)%lll:rrn dl(;Sl%ll:aV:aacstlg?zaigy i?;evigt;d
the safety performance constraints including suspension dynamic & )€ p y g

. . . . f fort as the main control goal and the other safety performances
displacement, tire dynamic load and actuator input saturation [1- hard ints in time d . h idabl
3]. However, these performance requirements are usually conflict- as hard constraints in time domain. However, there unavoidably
S S . . exist some uncertain parameters in active suspension system, such
ing, improving ride comfort will lead to a larger suspension work

. . . as vehicle body mass and its moment of inertia caused by the
space, which usually imposes a great effect on chassis layout and changeable number of passenger and dynamic loads. This will

absolutely make it difficult to develop an accurate dynamic model
*  Corresponding author. and further to design an appropriate controller. Therefore, the
E-mail address: huipang@163.com (H. Pang). adaptive backstepping technique has been extensively employed
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in the controller design for the strict-output feedback systems with
uncertain parameters due to such merits of anti-input saturation,
interference suspension, accurate control, good robustness over
the conventional control approaches [11-17]. For example, the
authors in [11] suggested an intelligent adaptive backstepping
control using a recurrent neural network to control the mover
position of a magnetic levitation apparatus to compensate for the
uncertainties of friction force. The authors in [12,13] investigated
the control synthesis for a general class of strict feedback nonlinear
systems, and presented the controller design by introducing a
hysteretic quantize to avoid chattering by using backstepping tech-
nique. For a class of nonlinear systems with sampled and delayed
measurements, an adaptive fuzzy backstepping control procedure
was addressed through the combination of backstepping tech-
nique with the classic adaptive fuzzy control method [14]. For a
double-rope winding hoisting system, a robust nonlinear adaptive
backstepping controller combined with a nonlinear disturbance
observer was proposed with considering the parameter uncertain-
ties and external disturbances. Experimental studies have verified
the excellent performance of the proposed controller [15]. In [16],
the nonminimum phase problem for a flexible hypersonic vehicle
was addressed to study the relationship between nonminimum
phase and backstepping control and further to develop a stable
nonlinear controller, which can guarantee the output tracking and
internal stability well.

Motivated by the aforementioned studies, some scholars and
researchers have carried out many remarkable researches in the
control design for active suspension system. In [18,19], the adap-
tive controller was developed by a combination of selecting suit-
able Lyapunov function and non-linear backstepping control tech-
nique, which can deal with the parametric uncertainties, external
disturbances and uncertain coefficients without control input in
the hydraulic active suspension systems. Additionally, by lineariz-
ing the nonlinear suspension model based on H,, method, the
authors in [20] developed an adaptive backstepping controller to
guarantee the robustness of the closed-loop system in the pres-
ence of system uncertainties and to minimize the effect of road
disturbance on the control system. An adaptive position control for
a pump-controlled electrohydraulic actuator (EHA) was presented
based on an adaptive backstepping control framework, and the
core feature of this study was the combination of a modified back-
stepping algorithm with a special adaptation law to compensate
for all nonlinearities and uncertainties in EHA system [21]. From
the viewpoint of control method, although the above-mentioned
control schemes have a low conservatism, nevertheless, less at-
tention are paid to the safety performance constraints of sus-
pension system. More specifically, the stability analysis on zero
dynamics system is rarely discussed which often yields instability
of the control system. Moreover, Barrier-Lyapunov Function (BLF)
has been used by several researchers to deal with the nonlinear
constraints [22-25] when developing an adaptive backstepping
controller. It should be noted that the control principle of BLF
method is choosing a specific Lyapunov candidate function with
the property of growing to infinity if the function parameters are
restrained within a certain limit, which ensures the satisfaction
of the performance constraints for the closed-loop system and
provides some inspirations for the follow-up studies.

On the other hand, Quadratic-Lyapunov Function (QLF) was also
widely utilized in designing the adaptive backstepping controllers
for vehicle suspension system. For instance, the authors in [26]
conducted a comparative study of BLF and QLF based backstepping
controllers for stabilizing the vertical displacement of a quarter-
car active suspension system in dealing with the uncertain sprung
mass, and the simulation result showed that the former backstep-
ping controller has less conservatism while the later one has a
higher accuracy in trajectory tracking. Similarly, the authors in [27]

studied the adaptive backstepping control design based on BLF
and QLF approach and proposed the backstepping controller to
tolerate with the system uncertainties. A backstepping control
design was proposed for a non-linear full vehicle suspension by
using QLF-based adaptive feedback control law [28]. However,
the model uncertainties were not taken into consideration, only
the estimated equivalent control input was utilized to design the
backstepping controller. To fulfill the coordination control over
the vertical acceleration and suspension dynamic displacement,
an intelligent fuzzy logic controller [29] was proposed based on
QLF method, yet the tracking errors are not considered. Therefore,
it is still a challenge to develop an adaptive backstepping-based
tracking controller for nonlinear active suspension system with the
parameter uncertainties and safety performance constraints.

Based on the above discussions, this paper proposes an en-
hanced adaptive backstepping-based tracking controller for non-
linear active suspension system with the system parameter un-
certainties and safety performance constraints. To stabilize both of
the vertical and pitch motions of vehicle body, the virtual control
inputs and reference trajectories are introduced to establish the
dynamic tracking system, and then an adaptive control law is
designed to asymptotically track the predefined reference trajec-
tories within a finite time and to satisfy the safety performance
requirements in the presence of uncertain vehicle sprung-mass
and its moment of inertia. Simultaneously, the stability analysis
on zero dynamics system is conducted to ensure the boundness of
the safety performance constraints. Finally, a numerical simulation
case is provided to verify the proposed controller under bump,
random and periodic road surface.

The rest of this paper is organized as follows: Section 2 presents
system modeling of active suspension system and problem formu-
lation. The proposed adaptive backstepping-based tracking control
scheme is specifically discussed in Section 3. In Section 4, simu-
lation investigation is presented to demonstrate the effectiveness
and comparability of the designed controller. The conclusions are
given in Section 5.

2. System modeling and problem formulation

A half-vehicle model is considered and shown in Fig. 1 with
freedoms of motion in the heave and pitch directions, this model
has been extensively used in the previous literatures [30,31] due
to its symmetry. In this model, ms and I, denote the sprung mass
and its moment of inertia, m,¢ and m,, denote the unsprung mass
of the front and rear suspension, respectively; a and b denote the
horizontal distances from the center of gravity (CG) of vehicle body
to the front and rear axles, respectively; z. and ¢ denote the vertical
and angular displacement at the CG of vehicle body, respectively;
zys and z,, represent the vertical displacement of the front and
rear unsprung masses, respectively; z; and z,, represent the road
disturbance inputs to the front and rear wheels, respectively. The
nonlinear spring and damper force for the front and rear suspen-
sions are denoted as Fs and Fy;, Fs and Fer, respectively; ucr and u
represent the active control forces of the front and rear suspension,
respectively; kg, ki and ¢y, ¢ Tepresent the stiffness coefficients
and the damping coefficients of the front and rear tire, respectively.

According to Newton'’s second law, the dynamic equations for
this half-vehicle model shown in Fig. 1 can be expressed as

m‘s"Z.c +st +Fcf +Fy +Fp —uc=0
Iy(pj_[a(st+Fcf)_b(Fsr+Fcr)]_uc¢':0 X ( )
My Zyp — Fsp — Fop + kg (2 — 2i7) + € (2 — 2i7) + g = 0
MyrZyr — Fsr - Fcr + ktr(zur - er) + Ctr(zur - er) + U = 0

In terms of the different controllers used for active suspension

system, the subscript letter c in uc, ucy, Uer, and u. can be deter-
mined as B or Q, which stands for BLF or QLF based controllers.



H. Pang, X. Zhang and Z. Xu / ISA Transactions 88 (2019) 23-36 25

Sprung mass

Uef Uer
Suspension

Fy] |Fy
Zuf
Unspring mass myy
Cy

LF‘S" Fcr
Z ur

my

Tyre k’/ i ji_ j Zy Z”Lk” j;_ ilctr
m m

Fig. 1. Half-vehicle active suspension model.

Thus, in Eq. (1), the control forces of u. and u, are given by
Ue = Ugf + Uer
Ucp = AUcs — by
InEq. (1), Fy, Fr, Fg and Fg; are given by [28]:
Fy = ky(ze +asing — zy) + knsp(2c + asing — zy)?
Fy = ks(zc — bsing — zy) + knsr(zc — bsing — Zuf)3

F = c(z2c + acos ¢<i> — Zyf)
For = ¢sr(zc — bcos pp — zyr)

(3)

where k¢ and kg, kng and ki, are the stiffness coefficients of
the linear and cubic terms, respectively; ¢y and c;- represent the
stiffness coefficients of the front and rear suspension, respectively,
for simplicity, the suspension dynamic displacements of the front
and rear suspension system are defined as follows:

Ayp =z +asing — zyf (4)
Ay =z, — bsing — z,,

Next, define the state vector asx = [X1, X2, X3, X4, X5, Xg, X7, Xg ]T
= lzc, e, ¢, b, Zuf, Zuf s Zurs z-17, and then Eq. (1) can be rewritten

as
).(1:)(2
. 1
Xy = —(—Fy — Fg — Fyy — Fy +Uc)
ms
)'(3 = X4
. 1
X4 = T(_a(st +Fcf)+b(Fsr +Fcr)+uc¢)
. (5)
X5 = Xg

. 1 . .

X = F(st + Fp — kg (zur — zi5) — Cp(Zup — Zif) — Ucr)
uf

)'(7 = X3

)'(g = i(Fsr + Fcr - k[r(zur -
ur

In addition, due to the changeable number of passengers or
dynamic payload, ms and I, will accordingly change in a certain
range, so those two parameters are determined as the uncertain
parameters of active suspension system. To facilitate the follow-up
study, it is assumed that the known upper and lower bound of m;
and I, satisfy

er) - Ctr(zur - Z'rr) - ucr)

(6)

ms € {M: Msmin < Mg < Msmax}
Iy € {I:Iymin = Iy =< Iymax}
To ensure that the controlled active suspension system has a

better dynamic performance and satisfy the safety constraints, the
following aspects should be considered [32] as:

(i) Ride comfort: The designed controller can guarantee the
accurate trajectory tracking performances of the vertical and pitch
displacement and then simultaneously achieve the minimization
of the vertical acceleration and pitch angular acceleration.

(ii) Safety performance constraints

® Since it is needed to satisfy the limit of suspension mechanical
structure, the suspension dynamic displacement should be re-
strained within its allowable maximum value, which is expressed
by

|Ay1’| S Ayrmax

where Ayf max and Ay, max are the maximum suspension displace-
ment limits for the front and rear suspension, respectively.

@ To ensure vehicle riding safety, the dynamic loads of the front
and rear tire should not exceed their static loads, which are given
by

{Frfano = |ky(zyr — 2if) + (2 — 2)| /F < 1 8)
Frratio = |ke(zur — z0p) + o (Zur — 20)l /Fr < 1

where Frfatio and F;, denote the load ratio of the front and rear
wheel, respectively; and the static loads of Fy and F; are calculated

by

{Ff+Fr=(ms+muf+mur)g

Fr(a+ b) = msga + myg(a + b) ()

In Eq. (9), the gravitational acceleration g = 9.8 N/m?.

® The actuator input saturation should be taken into consid-
eration in the controller design to satisfy the safety performance
constraints of active suspension system. Here, the actuator control
forces of the front and rear suspension should be smaller than their
corresponding maximum limits U max and ue max, respectively,
which is given by

{|ucf| = Ucf max (10)

|ucr| f ucr max
3. The adaptive backstepping controller synthesis

In this section, our main purpose is to develop the adaptive
backstepping-based tracking controller for the closed-loop system
in (5) by employing the backstepping technique and Lyapunov
stability theory. This designed controller can ensure the asymptotic
stability of the vertical and pitch motions of active suspension
system when dealing with the uncertain parameters and external
disturbances, and concurrently satisfy the safety performance con-
straints shown in Egs. (7)-(10). To better illustrate the design pro-
cedure of the proposed controller, the classical BLF-based adaptive
backstepping controller design are first introduced, and the desired
QLF-based adaptive tracking controller is subsequently presented
in detail. Note that the same initial constraints are imposed to both
of the controllers in order to obtain the effective comparability.

3.1. The BLF-based controller design

The design process of the BLF-based adaptive backstepping
controller is briefly presented in [33]. For system (5), define the
tracking errors as e; = X; — X1, €3 = X3 — X35, €3 = X — B,
e4s = x4 — P1g, Wherein xy, and xs, are respectively the reference
trajectory, Sg and B1p are respectively the virtual control function
to be designed. We need to apply the BLF-based controller to make
the tracking errors converge to zero asymptotically. In terms of the
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boundness of the initial values for the BLF-based controller, the
bounded Lyapunov candidate function is given as

1 y2

Vigle) = - In ———
2 i (11)
1 )/32

Vsgles) = = In ——2—

3p(€3) PR

where y; and y; are positive constant.

If Bp and S5 are appropriately designed, the tracking errors of
ey and e; will converge to zero within a preset time. To that end,
the virtual control functions of Bz and 813 are defined as follows:

Bs = x1r — ki(y{ — e1?)e (12)
Bis = X3r — k3(y3 — e3?)es

where k; and k3 are positive constants.
Taking the derivative of Eq. (11) gives

. eié
Vigler) = 5—— — kied
y] — €1 (]3)
. €364 5
V3p(es) = = kses
V3 —es3

In a similar way, the second bounded Lyapunov candidate func-
tions are determined as

1, 1~
V23=V13+5€2+2791

1 1 (14)
Vig = Vap + —€2 + —02
4B 2 4 2T92 2

where 8; = 0; — 0y, 0, = 6, — 6, are respectively the differences
between the estimated parameters of él, éz and the real value of 6,
92- Note that 01 € [elmim elmax]‘ elmin = ]/mSmaXv 01max = ]/msminv
02 € [0amin, O2max], O2min = l/IymaXv Ormax = l/Iymin-

To achieve the asymptotic stability of the vertical and pitch
angular accelerations, the adaptive backstepping control law ug
and upy are designed as

1 . e
g = Fy + For + Fyp + For + (B — oy — ———)
01 ; i —el
, e
Upy = a(Fcf +st) - b(Fcr +Fsr) + T(ﬂlB - k4€4 - 2732)
0, y; —e3
(15)

where k; and k4 are positive constants.
Following the projection adaptive laws in [34,35], the projec-
tion operator projé1 (rg,€271(x, 1)) is given by

0:1(t) = projp, (1o, e271(x, 1))

0, ifél(t) = O1max and rg,e271(x, ) > 0 (16)
=10, if 61(t) = 61 min and rg, e271(x, t) < 0
ro,e27T1(x, t), otherwise.
where rp, is a tunable positive value, and (X, t) = —Fy — For —

Fss — F + up. R
_Additionally, assuming that 0, is the estimated value of 6, and
(92 is then defined by

A

6a(t) = projy, (ro,e4T2(x, 1))

0, lféz(t) = 92max and rgze4r2(x, t) >0 (]7)
=140, 1f92(t) = 0> min and r62e4r2(x, t) <0
To,e4T2(x, ), otherwise.
where ry, is a tunable positive value, and 7,(x, t) = —a(Fs + Fsf) +

b(Fs+-Fsr )+ugy. It should be noticed that both of 7;(x, t)and 7(x, t)
are the force-related algebraic term.

Remark 1. It is known from Eq. (13) that Vyp(e;(0)) is the max-
imum value of Vip(eq) with e, = 0, thus only if the inequality
e1(0) < y; holds, the constraint inequality |eq;|] < jy; can be
guaranteed in the entire time domain. Similarly, V3g(e3(0)) is the
maximum value of V3p(e3) with e, = 0, and only if e3(0) < y3,
the constraint inequality |e3| < j3 can be guaranteed in the entire
time domain.

The BLF-based adaptive backstepping controller design can be
described as Theorem 1 [26].

Theorem 1. By designing the adaptive laws expressed in (16) and
(17), the adaptive control forces of (15) can be obtained with satisfying
the following conditions:

(1) The system (5) is asymptotically stable with t— oo, and all the
output signals will gradually converge to zero;

(2) Only if the initial values of the vertical displacements at the CG
of vehicle body are satisfied with |x,(0)| < y; and |x3(0)| < y», then
x1(t) and x3(t) will definitely be restrained within the preset limits in
the entire time domain.

(3) The safety performance requirements such as (7), (8) and (10)
can be guaranteed.

3.2. The QLF-based controller design

To facilitate the proposed controller design, the following four
design steps are used to fulfill the development of the adaptive
QLF-based tracking controller. It is worth noting that the same ex-
pressions and symbols used in this section have the same definition
as described in the BLF-based controller design.

Step 1. For the closed-loop system in (5), our main purpose is
to develop an appropriate tracking controller to stabilize both of
the vertical and pitch motions of vehicle body and make them ac-
curately track the prescribed reference trajectories within a finite
time, i.e. let the tracking errors of e; and e3 converge to zero within
a preset time. Then, taking the time derivative of e; and e3 yields

€1 =Xy — Xir, €3 = X4 — X3, (18)

To ensure that both of the proposed controller and the BLF-
based controller have the same initial condition, it is required that
|x1| < y1 and |x3| < y3 hold in the entire time domain. Moreover,
define two virtual control functions as 8y and B1q satisfying x, =
B and x4 = B1q, respectively.

If B and B¢ are viewed as the control inputs of e, and e4, then
both of e; and e4 are redefined as

ey =X — fBo,es = X4 — Pig (19)
It is obvious that (19) can be rewritten as
ez =Xx1— Po.ea =% — Pig (20)

Next, define two semi-definite Lyapunov candidate functions
as

1 1
Vig(er) = 59%, V3q(es) = 5‘?% (21)

Then, following the design of the virtual control functions of 8
and B1p, we have

Bo = X1y — kie1, Pig = X3r — kses (22)
Differentiating (21) gives
V1Q(€1) = ey — k1€%, V3Q(€3) = €364 — k3€§ (23)

If the proposed controller has the desirable effect, which means
e, = 0and ey = 0, thus we have Vig(e;) = —k]e% < 0 and
V3Q(e3) = —k3e§ < 0, and it is consequently easy to guarantee
e; > O0ande; — 0.
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Step 2. Design the adaptive backstepping control law uq to
make x, well track the designed virtual control input S in the
presence of the uncertain parameter 6 of m;.

By taking the time derivative of e; in (19), one obtains

& =01mi(x, t) — Bo (24)
where 7y(x, t) = —Fy — Fo — Fy — Fyr + Ugq.
With the control objectives in mind, define uq as
1 .
uQ:FCf+Fcr+st+Fsr+;(,3—/(2(62)—61) (25)
1

Select the same projection operator éw(t) as the BLF-based
controller, which is given by
B1g(t) = proj; (r,e2m1(x, 1)) (26)

Then, define the second Lyapunov function Vg (e, e, 51) as

~ 1 1 1 _~
VZQ(EL ey, 9]) = 56% + Ee% + Er{;]ef (27)

The time derivative of (27) is obtained as
VZQ(eL e, 0) = —kie3 — koe3 +51(r;11é1 —ey1(x, 1))
< —k1ef — kzeg <0 (28)

Integrating both sides of (28) from zero to arbitrary t yields

Vao(t) = f Vadt + Vaq(0) < Vaq(0) (29)
0

According (27) to (29), it is observed that both of e; and e, are
bounded, and 6, is also bounded. That is,

ler] < /2V2q(0), lez] < /2V2q(0)
From (30), we have

{lel < Ix1rlleo + v/2V20(0)
x2| < lIX1rlloo + (k1 + 1){/2V2(0)

It is equivalent to

(30)

(31)

_sf_Fcf_Fsr_Fcr"f‘uQELoc (32)
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From (24)and (32), we obtain é; and é; € L., and the derivative
of (28) is obtained as

Vag(er, €2, 01) < —2kje1éy — 2kzex6, (33)

From (33), we have V, € L. Since V, is uniformly continuous,
based on Barbalat lemma and its proposition [36], we have VZQ —
0 with t — oo. Therefore, we get e; — 0 and e, — 0, implying
the tracking errors of e; and e, are asymptotically stable.

Step 3. Design the adaptive backstepping control law ugg to
make x4 accurately track the designed virtual control input B1q
in the presence of the uncertain parameter 6, of I,. Noting that
the design and proof procedure is similar to those in Step 2. For
simplicity, the proof process of each sub-step is ignored and the
corresponding design is directly presented as follows.

By taking the time derivative of e4 in (20), one gets
e = 002(x,t) — Prg (34)

where 1(x, t) = —F, 4+ ugg and F, = a(Fy + Fg) — b(Fer + Fy).

Choosing a specific Lyapunov candidate function as
1, 1, 1
=_ej+ e+ —

272027 2r,

It is noted that 81 has been defined in (22), then the adaptive
backstepping function ug, is herein selected as

Vao 62 (35)

1 .
Ugy = Fy + é*(ﬁl — ka(eq) —e3) (36)
7)
Define the projection operator éz as
0, = proji, (rs,eata(x, 1)) (37)

By conducting the same analysis as in Step 2, we conclude that
es, e4 and 6, are all bounded, that is,

{|X3| = X3 lloo + v/2Vaq(0),

. 38
[X4] < NIX3rll oo + (k1 + 1){/2V4q(0). (38)
and V4o = —kse3 — kse3 < 0, by further deriving, we can

From the above analysis, we have V,, = —kie? — kel < 0
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Fig. 6. Comparison of tracking errors for (a) vertical displacement, (b) vertical velocity, (c) pitch angular and (d) pitch angular velocity of active suspension system in Case
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obtain Vyq(t) < V,q(0) and Vaq(t) < Vao(0). If the trajectories
of x; and x5 satisfied the constraint conditions as |x;| < y; and
|x3| < ys3, we can absolutely have |x;.(t)| + /2V2q(0) < y; and
|x3-(t)| + 1/2V4q(0) < y3. Therefore, when designing the reference
trajectories, let the inequalities |x;| < y; and |x3| < y3 hold, then
we deservedly get 2V, (0) < yf and 2V, (0) < y32.In other words,
if the following inequalities

€X(0) + €3(0) + ;107 < y?
€3(0) + €3(0) + v, '02 <y}

hold, then |x;| < y; and |x3| < y3 can be ensured.
Finally, it is concluded from (25) and (36) that the correspond-
ing control force ugs and uq, are obtained as

(39)

_ bug +ugy

~ a+b
buq — ugy

b=y

(40)

Step 4. To ensure the boundness and estimability of the safety
constraint performances, it is extremely necessary to carry on the

stability analysis of zero dynamics system. Since the adaptive back-
stepping design generates a four-order error dynamics system (e,
e, €3, e4), while the original system (5) is an eight-order system,
thus the zero dynamics system contains four states as xs, Xg, X7 and
xg. In order to find out them, one can set x; = x3 = 0. Henceforth,
we have

Ug = ms%]r"'st‘i‘Fcf + Fs + Fyy
Ugyp = Iyx3r +a(st +Fcf)_ b(Fsr +Fcr)

Substituting (41) into (5) gives the zero dynamics equation as

(42)

(41)

X = Ax + Bz, + Cx;

T . - o s T
where X = [x5 X X7 X3]", 2y = 2y Zi Zir Zr]” and X, = [X1r X5, ],
and the corresponding coefficient matrices are as follows:

0 1 0 0
_ki _ G 0 0
el 1|

0 0o e _ o

myy my,
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i kO 0 0 0 matrix [37]. Moreover, consider the following inequalities
C
o S 0 0 . 1, T r
B= | My My 2x'PBz, < —x'PBB' PXx + vz, 2;
0 0 0 o |’ u (44)
k C T LI T
0 o o Cbr 2X PCx, < X PCCPX + vaX, X;
L Myr  Myr 2
B 0 0 where v and v, are tunable positive parameters. Based on (43) and
am I, (44), we obtain
. mys(a + b) myr(a + b) . 1 1
c= v T : Vso < —X'Qx + —Xx"PBB"Px + —X"PCC'PX + v,2'z,
V1 1%)
_ l()ms b) (Iy b) _}_sz;!‘xr
L my(a+ myr(a+ A
" " < [~ hmin(PHQP) + "™ (P BBTPY) @
Define the positive definite function Vsq = X"Px wherein P is a Amax o1 gl v ; :
positive definite matrix, the derivative of Vs is given by +T2(P2 CC'P2)|Vsq + 12,2 + 02X, X,

\'/SQ = x"(A"P + PA)x + 2x"PBz, + 2x"PCx, (43) Choosing matrix P, Q with appropriate dimensions, as well as

vy and v,, the following (46) can be guaranteed as
Because the real parts of the eigenvalue value for matrix A are all i1 maxedeged s Amax, ol g1
negative, we have ATP+PA = —Q, wherein Q is a positive definite ~ Amin(P™2QP™2) — T(PZ BB'PZ) — TZ(PZ CC'Pz) > (46)
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periodic road.

where 17 is a positive constant. From the above-mentioned analysis, it is observed that all the
Define 'z, < Zmax and X'X;, < Xrmax, and let v1Zymax +

V2Xrmax = 112, thus we get signals are bounded within the known ranges, and the upper bound

U1Z-:-Zr + UzX:Xr <mnm (47)

where 7, is a positive constant. of suspension dynamic displacement can be estimated as
Further, we obtain Vsq < —mVsq + m2 and that V5Q(t) has the
known boundness range, that is

Vso(£) < (Vso(0) — @)e—mt + n _ e (48) NG
- " |Ay| = x1lle +alxslloe + 507
Form (48), we have = Wirlloo + v2V2o(0) - f¥Xsrlloc
) 3
Ml | k5678 (49) +a,/2V4o(0) + ——— = Ay,
)\min(P) 4 )\min(P) o
h - (50)
here 1Ay < Ix1llos + b X3l + min(P)
| . min
Vso(0), ifVso(0) = * = %11 lloc + v/2V20(0) + b l1x5 |
£ = ’
2y, 0(0), ifVsg(0) < 2 b+ Y — A
m 5Q 5Q m 4(0) Amin(P) yrnd
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Fig. 12. Comparison of tracking errors for (a) vertical displacement, (b) vertical velocity, (c) pitch angular and (d) pitch angular velocity of active suspension system in Case

Il under periodic road.

Similarly, the upper bound of tire dynamic load is estimated as

Frfatio = |kff(zuf - er) + th(iuf - er)|
(ky +cy)v/e _
< ——————+ky ||zs|| +Cr |27, = Fa
Amin(P) it ” ’f”o'o i |27 ] = Fp (51)
|Frratio| = |ke(zur — zr) + Cor(Zur — Zi7)
(kg + )/ )
= e + ) + ker 1Zer oo + Cor NZerlloo = Frba
)Lmin(P)

Further, the upper bound of actuator control input is estimated
as

1 . .
|UQ| < ——(x1rlloo + k1 le1] + le1] + ka2 |e2]) + ’st|
elmin
+ |Fcf| + |Fsr| + |Fcr| = Uqhd

1 . .
|ugg| < ———(¥srlloo + K3 €3] + les| + kq lea])
92min

+a(|F5f| + |Fcf|) + b(|Fs| + |Fer|) = Uqgbd

The further derivation of (52) gives the upper bound of |uqs | and
|ugr| as

_ bugpg + uggba

lugr| = — —~— = [uqmd
+b
_ bUng-i-qud _ (53)
Juar| = “axb |uamd|

It is obvious that the following inequalities will hold through
setting the system initial values and adjusting v, and v,, in sub-
sequent, the safety constraint performances shown in (7), (8) and
(10) can all be guaranteed. That is,

|AYf| = Ayﬂ?d = Ayfmax (54)
|Ayr| = Ayrbd = Ayrmax

f
Fratio = Fﬂ’d = Ff (55)
|Frrati0| = Frbd = Fr
|qu’ =< Ugpd = UQf max (56)

|uQr‘ < Ugrbd = UQr max

Based on the above discussion, the proposed QLF-based con-
troller and its stability analysis can be summarized as Theorem 2
and Remark 2.

Theorem 2. Considering the nonlinear active suspension system (5),
the implementation of the designed control laws in (26) and (37) can
ensure the following safety performance constraints such that

(1) The closed-loop system (5) is asymptotically stable, i.e., all the
output signals gradually converge to zero with t— oo.

(2) Only if the initial values of the vertical and pitch angular
displacement z. and ¢ are satisfied with the constraint condition in
(39), then both of z. and ¢ will be restrained within the preset limits
in the entire time domain.

(3) Only if the initial values of system (5) satisfy the constraint
conditions in (54)-(56), the suspension performance constraints as
givenin (7), (8) and (10) can be guaranteed.

Remark 2. From the above analysis, if the constraint conditions
such as |x{] < y; and |x3| < y3 hold, then the safety performance
indicators shown in (7), (8) and (10) for active suspension system
(5) can be ensured. In order to obtain |x;| < y; and |x3| < y3, the
initial values of safety performance constraints should be imposed
on both of the QLF-based and BLF-based adaptive backstepping
controllers with satisfying

QLF : €2(0) + €2(0) + 5,162 < y2 = x| < 1
QLF : €2(0) 4 €2(0) + y,5'02 < y2 = |x3| < y3
BLF : [e1(0)] < y1 = Ix1] < ¥
BLF : |e3(0)| < y1 = |x3] < y3

(57)

Actually, if tracking errors of e,(0) and e4(0), the estimated er-
rors of 61(0) and 6,(0) are equal to zero, both of the two controllers
will satisfy the suspension displacement constraints whether the
reference trajectories are introduced or not. However, the key
point of the controller design is how to select such parameters as
the initial values of the system state and controller gain, which
is extremely crucial to guarantee the safety performance require-
ments. Therefore, the suspension safety performance can be guar-
anteed if the initial conditions for system (5) satisfy with the
inequalities of (54)—(56).

3.3. The initial condition and reference trajectory

To verify the effectiveness of the proposed controller, consider
the two cases with different initial values, wherein case I and case
Il are set as follows:

Case I: The initial values are x;(0) = 0 cm, x3(0) =0rad, x; = 0,
i=2,4...8,6:(0)=1/1100, 6,(0) = 1/550, named as zero initial
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Table 1
Model parameters of half-vehicle active suspension system.
M; I, Mys Myr a
1200 kg 600 kg m? 100 kg 100 kg 1.2m
b ks,— ksf ktr k[f
1.5m 15000Nm~! 15000Nm~' 200000 Nm~! 150000 Nm™'
be Cbr Csf Csf knsf s knsr

1500Nsm~! 2000Nsm~! 1500Nsm~! 1200Nsm~' 1000 Nm~3

condition; moreover the reference trajectory is set as x;, = 0 and
x3; = 0. It should be noted that this study dedicates to minimize
z.(t)and ¢(t) under the external road disturbance, and to make the
two performances indicators converge to zero asymptotically.

Case II: The initial values are x;(0) = 6 cm, x3(0) =6 rad, x; = 0,
i = 2,4, ...,8, 06;0) = 1/1100, 65(0) = 1/550, named as non-
zero initial condition. Additionally, we need to define a specific
polynomial x,, as the reference trajectory. It is worth pointing
out that x,, is a continuous derivable function satisfying x; < y;
and x3 < y3. The designer can adjust z.(t) and ¢(t) to reach a
higher or lower level via setting different preset time t, which can
further improve the ride quality of vehicle suspension system. The
reference trajectory x,,, is defined as

auo + Auit + aupt? + ayst® + ayat?,

Xy (t) = [ 0,

where the polynomial coefficients a,;(i = 0, 1,2, 3,4, u = 1, 3) are
all constants, and are expressed by

Xur(o) =0ap = X](O)

kur(o) =a = XZ(O)

Xur(Tur) =ap + aTyr + aZTur2 + ai‘»Tur3 + a4Tur4 =0 (59)
)‘(ur(Tur) =a; +2aTy + 3a3Tur2 + 4‘14Tur3 =0

Xyr(Tyr) = 2a3 + 6a3Tyr + 12(14Tur2 =0

t < Ty

t>1,  ©%

The aforementioned (58) and (59) can ensure that the following
conditions hold:

(1) The initial values of tracking errors of e; and es, and their
first-order derivative are zero, i.e. e;(0) = é;(0) = 0, e3(0) =
é3(0) = 0;

(2) The reference trajectory x,.(t) is second-order differen-
tiable, i.e., x,-(t) € C?. Theoretically, one can choose an arbitrary
prescribed timeT,,, and both of the vertical and pitch vibrations
caused by the external disturbances will reach attenuation more
quickly with a smaller T,,. To this end, the reference trajectory
with a decreasing polynomial form is selected to replace the zero
reference curve, and set T, = 2 s.

4. Simulation investigation and discussion

Anumerical simulation example is provided to demonstrate the
effectiveness of the proposed controller under bump, random and
periodic road excitation in Case I and Case II situations. The half-
vehicle model parameters are listed in Table 1 and the designed
parameters for the proposed controller are given as rg; = 1y, =
0.001, ](1 = kz = k3 = k4 = 100, Y1 = Y3 = 0-08,91min =
1/1300 kg, O1max = 1/1000 kg, Oymin = 1/700 kg m?, Opmax =
1/500 kg m2. The vehicle performances of Uncontrolled, the BLF-
based backstepping controller and the proposed QLF-based back-
stepping controller are compared in this simulation.

For the controller design, it should be satisfied with the follow-
ing four requirements

(1) The suspension vertical and pitch angular displacements are
converged to zero within a preset time T, i.e.,zz. — Oand ¢ — 0
within T,.

(2) The front and rear suspension dynamic travels of Ay; and
Ay, are less than the maximal value of suspension dynamic dis-
placement z,.x = 0.15 m.

(3) The load ratios of the front and rear wheels represented by
Ffatio and F,;, should be less than one.

(4) The actuator control force of the front and rear wheels
represented by u and u,- should satisfy the saturation limitation.

Noting that the maximal value of control force is ucma.x = 5000 N.
4.1. Bump response

Generally, bump road excitation is employed to mimic an iso-
lated shock on a smooth road surface [38], which is expressed as

hy
2y = | 5 (1 —cos(8mt)), 1<t<125 (60)
0, otherwise

where h, = 0.0 2 m is the height of road bump, V = 45 km/h is the
vehicle forward velocity. Although the front and rear wheel have
the same road input excitation, yet there exists a time delay of (a
+ b)/V.

4.1.1. Simulation analysis in Case I

Fig. 2 shows the time response comparison of the vertical dis-
placement and acceleration, the pitch angular displacement and
acceleration for active suspension system in Case I under bump
road. It is observed from Fig. 2(a) and (c) that, compared to uncon-
trolled suspension system, the BLF-based and QLF-based controller
can effectively isolate perturbations in the presence of the uncer-
tain parameters and external road disturbance. From Fig. 2(b) and
(d),itis seen that both of the two controllers can obviously improve
the vertical and pitch angular acceleration, and the stability of
vehicle dynamics performance can be achieved in a short time. It
should be noted that both of the two controllers have almost the
same control effect in Case I, implying that the two controllers have
the same conservatism under zero initial condition.

Moreover, it can be seen from Fig. 3(a) and (d) that both of Ayy
and Ay, are less than zy.x; by analyzing Fig. 3(b) and (e), we can
obtain that Frfatio and F[,;, are always less than one, illustrating that
the dynamic load is less than its static load and ensuring the firm
uninterrupted contact of wheels to road. In addition to this, from
Fig. 3(c) and (f), we can see that uy and u. are always less than
the maximal control force u.nyax. Based on the above analysis, we
can arrive at the conclusion that although there exists a significant
shock for active suspension system when running across the bump
road surface, both of the two controllers can guarantee the safety
performance constraints for active suspension system under Case
[ condition.

4.1.2. Simulation analysis in Case Il

In this case, we provide Figs. 4 and 5 to reveal the comparability
of active suspension performance between uncontrolled, the BLF-
based controller and the proposed QLF-based controller. As shown
in Fig. 4(a) and (c), both of the latter two controllers can absorb
the vibration energies generated by the external road disturbances.
Simultaneously, it is seen from Fig. 4(b) and (d) that the vertical and
pitch angular acceleration can be improved significantly for active
suspension system with the BLF-based and QLF-based controllers,
while the QLF-based controller has a smaller peak value of the
vertical and pitch angular acceleration.

On the other hand, it is seen from Fig. 5(a) and (d) that the
suspension dynamic displacements of active suspension system
with the BLF-based and QLF-based controllers are always less zyax.
By analyzing the left sub-plots in Fig. 5, we can obtain that, the tire
load ratios and actuator forces of these two controllers can meet
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the performance requirements of active suspension system. In
summary, regardless of how to choose the initial values, both of the
two controllers can guarantee the suspension safety performance
constraints under bump road excitation.

In order to further evaluate the designed controller, Fig. 6 gives
the tracking errors of active suspension system with the two con-
trollers in Case Il under bump road excitation. It is clear that the
tracking errors of the QLF-based controller can converge to zero
in a shorter finite time for tracking the vertical displacement and
velocity, the pitch angular displacement and velocity, respectively,
which implies that the proposed controller has a better tracking
performance.

4.2. Random response

The road excitation can also be generally assumed as random
vibration that is consistent and typically specified as a white noise
process given by [31]

Gq(n) = Gy(ng) (n/ng)™¢ (61)

where n is the spatial frequency and ng is the reference spatial
frequency with ng = 0.1(1/m), Gy4(ne) is the road roughness
coefficient; ¢ = 2 is the road roughness constant. Combining the
spatial frequency n with time frequency f, we have f = nV, where
V is the vehicle forward velocity. For this simulation, we choose
Gy(ng) = 64 x 107° m? as C-class road, and the vehicle forward
velocity V = 72 (km/h).

It is noted that the simulation curves of active suspension
performances under random road surface are almost the same as
the corresponding ones under bump road surface, which implies
that both of the two controllers can well satisfy the suspension per-
formance requirements when running on random road. To reduce
redundancy in paragraph and reveal the prominent superiority of
the proposed controller in tracking trajectory, we only provide
the comparison of the vertical displacement and acceleration for
active suspension system with the two different controllers under
random road excitation in Case I and Case II situations, as well as
the comparison of tracking errors under non-zero initial condition.

4.2.1. Simulation analysis in Case I

The comparison of time-domain response for the vertical dis-
placement and acceleration, the pitch angular displacement and
acceleration of active suspension system with these two con-
trollers in Case I is presented in Fig. 7. It is worth pointing out
that, according to Fig. 7(a) and (c), both of the BLF-based and
QLF-based controllers can effectively isolate perturbations in the
presence of random road disturbance compared to uncontrolled
suspension system. Additionally, it is obviously seen from Fig. 7(b)
and (d) that both of the two controllers can significantly improve
the vertical and pitch angular accelerations to make the control
system converge to a relatively stable state in less time.

4.2.2. Simulation analysis in Case Il

The simulation result in Fig. 8 reveals the comparison of time-
domain response for the vertical displacement and acceleration,
the pitch angular displacement and acceleration of active suspen-
sion system with the two controllers under Case II condition.

As can be seen from Fig. 8(a) and (c), compared to uncontrolled
suspension system, both of the two controllers can absorb the vi-
bration energies generated by random road disturbance, moreover,
according to Fig. 8(b) and (d), these two controllers can obviously
achieve the improvements in the vertical and pitch angular ac-
celeration. Nevertheless, the proposed QLF-based controller has a
smoother acceleration response, which implies that the controller
has a better control performance with respect to the BLF-based
controller.

Fig. 9 shows the tracking errors of ey, e, e3 and e4 for active
suspension system with the two controllers under random road
excitation. By analyzing Fig. 9, we can obtain that the tracking
errors of the QLF-based controller can converge to zero within
less time, which demonstrates the proposed controller has the
desirable control responses.

4.3. Periodic response

In order to further evaluate the control effect of the proposed
controller, by following the same procedure as in Sections 4.1 and
4.2, we give the expression of the classical periodic road excitation
for this case, which is written as [39]

z,(t) = 0.0254sin(27t) 4+ 0.005 sin(10.57t)
+0.001sin(21.57t) (62)

Note that this type of road excitation is simulated by integrating
the low frequency vibration response that is close to the vehicle
body resonance frequency (1 Hz), and the high frequency vibration
response. Similarly, only the time-series comparisons of the verti-
cal displacement and acceleration response for active suspension
system with these two different controllers under Case I and Case
Il conditions, as well as the comparison of tracking errors under
non-zero initial condition are provided.

4.3.1. Simulation analysis in Case |

Now we explore the output responses for active suspension
system in Case I under the periodic road excitation, and the cor-
responding time-series curves are shown in Fig. 10. It is obviously
concluded from Fig. 10(a) and (c) that, compared to uncontrolled
suspension system, both of the BLF-based and QLF-based con-
trollers can effectively isolate vibrations and perturbations caused
by the road disturbance. Additionally, according to Fig. 10(b) and
(d), it is similar to the situations in bump and random responses
that both of the two controllers can significantly improve the
vertical and pitch angular acceleration to make the control system
converge to a relatively stable state in less time.

4.3.2. Simulation analysis in Case Il

We show the time-series of the displacement and acceleration
in Fig. 11 for active suspension system with the two controllers in
Case II under the periodic road excitation. Like the corresponding
simulation results of Case Il in bump and random responses, we
can observe the similar improvements of suspension performance
when using the two adaptive backstepping controllers and the
closed-loop control system in (5) converges to a relatively stable
state in the presence of periodic signal interference within less
time.

Fig. 12 reveals the tracking errors of active suspension system
with the two controllers under the periodic road excitation. It is
observed from Fig. 12 that the tracking error of QLF-based con-
troller can converge to zero within less time in tracking the vertical
displacement and velocity of e;(t) and es(t), the pitch angular
displacement and velocity of e;(t) and e4(t), respectively, which
demonstrates the proposed controller has the desirable control
responses.

4.4. Frequency response analysis

According to ISO 2361 criteria, human body is more sensitive
to the vertical vibrations in 4-8 Hz. To evaluate the control perfor-
mance of the proposed adaptive tracking controller in frequency
domain, the power spectral density (PSD) comparison of Z. and ¢
under bump, random and periodic road excitation are respectively
presented in Figs. 13-15 to compare the variation of tracking errors
for active suspension system under Case II condition.
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in Case Il under random road.

It can be seen from Figs. 13 to 15 that compared to uncon-
trolled suspension system, both of the BLF-based and QLF-based
controllers can effectively restrain the vertical acceleration and
pitch angular acceleration of vehicle body within a certain range,
and simultaneously, the proposed QLF-based controller has a lower
peak value of vehicle acceleration responses. Finally, Tables 2-4
summarizes the root mean square values (RMS) comparisons of
7. and ¢ using different controllers (uncontrolled, BLF and QLF)
under Case II in the presence of bump, random and periodic road
disturbances, respectively, the calculation expressions of RMS are

given by
Ze(t)rms =

B(t)rms =
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Fig. 15. PSD comparison of (a) vertical acceleration, (b) pitch angular acceleration
in Case I under periodic road.

Table 2
RMS comparisons of vehicle body acceleration and pitch angular acceleration under

bump road excitation.

Signal Controller

(xy =6cm,x3 =6rad) Uncontrolled BLF Controller QLF Controller

RMS zc 0.4470 0.0605((86.47%) 0.0540(87.91%)

RMS ¢ 1.1670 0.0616(]94.72%)  0.0564(]95.17%)
Table 3

RMS comparisons of vehicle body acceleration and pitch angular acceleration under
random road excitation.

Signal Controller

(xy = 6cm,x3 = 6rad) Uncontrolled BLF Controller QLF Controller

RMS zc 0.3649 0.0559((84.68%) 0.0538(J85.26%)

RMS ¢ 1.0408 0.0569((94.53%)  0.0553(]94.69%)
Table 4

RMS comparisons of vehicle body acceleration and pitch angular acceleration under
periodic road excitation.

Signal Controller

(xy = 6cm,x3 = 6rad) Uncontrolled BLF Controller QLF Controller
RMS zc 0.9184 0.0545((94.07%)  0.0375({95.92%)
RMS ¢ 1.2807 0.0556((95.66%) 0.0538({95.80%)

As shown in Table 2, compared to uncontrolled suspension
system, the RMS values of 7. and ¢ for the BLF-based and QLF-
based controller can be enhanced about 86.47%, 87.91% and 94.72%,
95.17%, respectively, under bump road excitation. Next, from Ta-
ble 3, the RMS values of Z. and ¢> for the BLF-based and QLF-
based controller can also be enhanced about 84.68%, 85.26% and
94.53%,94.69%, respectively, under C-class random road excitation.
Moreover, it is concluded from Table 4 that the RMS values of Z.
and ¢ for the BLF-based and QLF-based controller can be greatly
enhanced about 94.07%, 95.92% and 95.66%, 95.80%, respectively,
under periodic road excitation. This shows that the proposed QLF-
based controller can improve vehicle ride quality while satisfying
the safety performance constraints under different road profiles,
which further illustrates that the designed controller has better
control performances.
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5. Conclusions

In this paper, an enhanced adaptive backstepping-based track-
ing controller for nonlinear active suspension system has been
proposed with considering the parameters uncertainties, safety
performance constraints and external road disturbances, simulta-
neously. By introducing the virtual control inputs and reference
trajectories, the adaptive control law is developed to stabilize
both of the vertical and pitch motions of vehicle body by using
backstepping technique and Lyapunov stability theory, and further
to track the predefined reference trajectories within a finite time.
Next, the stability analysis on zero dynamics system is conducted
to ensure that the safety performance signals are all bounded
and their upper bounds are estimable. Finally, a numerical sim-
ulation is provided to demonstrate the effectiveness and validity
of the proposed controller through addressing the comparability
between the BLF-based adaptive controller and the proposed QLF-
based controller. The simulation results show that both of the
adaptive backstepping-based controllers can stabilize the vertical
and pitch angular in a finite time under zero initial condition, while
in non-zero initial condition, the proposed QLF-based controller
can achieve greater improvements in ride comfort and safety per-
formance constraints compared with the BLF-based controller. It is
worth noticing that, since the safety performance indicators of the
control plant has a strong relationship with the preset time of the
reference trajectories, how to choose a suitable preassigned time
and then archiving the optimized control effect is needed to study
in the future.
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